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Introduction

At the latest since Adams’ and Atiyah’s proof of the Hopf invariant one problem ([3]), which famously
reduced a proof that took several dozens of pages ([I]) to one that could “fit on a postcard” using complex
K-theory, homotopy theorists’ interest in extraordinary cohomology theories was sparked. Nowadays,
this is phrased in the language of spectra. Many examples of spectra arise from topological questions:
given a ring R, the Eilenberg-MacLane spectrum H R represents singular cohomology, counting the
“holes” in spaces, the spectra KU and KO represent complex and real K-theory respectively, which are
related to group completions of vector bundles over a space. When trying to classify unoriented manifolds
up to cobordism, the unoriented cobordism spectrum MO naturally arises, having the property that its
homotopy groups are isomorphic to the cobordism classes of those manifolds. More generally, the study
of manifolds with more structure (oriented, almost complex, symplectic...) up to cobordism gives rise to
other Thom spectra such as MSO, MU or M Sp.

What about other examples, maybe some for which the geometric interpretation is still waiting to be
discovered? One idea to construct new spectra is to twist a known homology theory. By this, we mean
that, given a spectrum E and a ring map f : m,(E) — R, one could consider the functor hy : hSp — Ab
that sends a spectrum X to E,(X) ®,, (g R and hope that this defines an interesting homology theory
represented by a new spectrum. However, as tensoring is in general only right exact, this construction
might not send cofiber sequences to long exact sequences. In 1976, Landweber gave a criterion under
which exactness of hy is guaranteed in the case where E is the complex cobordism spectrum MU in
[11]. This statement is often referred to as the Landweber exact functor theorem. As the ring m, (MU)
is known to represent formal group laws, this criterion made it possible to associate homology theories
to elliptic curves via their formal group law. This connection was explored by Morava soon after the
discovery of Landweber’s result. Landweber, Ravenel and Stong than showed in [12] that the formal
group law associated to the Jacobi quartic satisfies the conditions of Landweber’s exact functor theorem.
They also coined the term elliptic cohomology for these theories. To this day, it is still unclear what the
geometric explanation for elliptic cohomology theories should be, but there are conjectured connections
to conformal field theories proposed in particular by Witten and Segal; see [20].

It could thus be interesting to know if a similar approach could be used to construct homology theories
from other spectra than MU, for example for cobordism rings with different structures. Maybe they
could also give rise to new homology theories which correspond to other geometric phenomena, hidden
until now. This thesis was written with this question in mind.

The criterion found by Landweber can be rephrased in terms of flatness of some map over the moduli
stack of formal groups. In a sense that will be made precise (Prop. , this stack is associated to the
Hopf algebroid (7, (MU), MU, (MU)[u*])]. Thus, one could try to construct stacks from Hopf algebroids
associated to other spectra, wonder if flat maps over these stacks give rise to new homology theories and
if there are criteria to determine which maps are flat. Unfortunately, this idea does not work well. The
first problem arises at the very beginning: to associate a Hopf algebroid to a spectrum, the spectrum
needs to be flat (see Cor. [1.49)). This already reduces the number of spectra we can consider drastically.
For example, M SU is not flat (Ex. . So trying to construct M SU-oriented spectra in this way
is hopeless. Moreover, if the spectrum is not even, the rings appearing in the Hopf algebroid are not
commutative but only graded commutative, i.e. subject to the Koszul sign rule, which makes it difficult
to define their associated stack. This is only a slight setback though as one could still try to consider
the stack corresponding to the evenly and oddly graded parts of the rings separately. The formalism
that showed that flat maps over the moduli stack of formal groups give rise to homology theories does
go through to the general setting (Prop. and Cor. . However, it is then very hard to recognise
the flat maps. The criterion given by Landweber guaranteeing flatness of a map on the moduli stack
of formal groups heavily relies on a good understanding of the Hopf algebroid (MU,, MU,(MU)). In
general, we simply do not have this. We do notice though that there is a verifiable criterion to identify
flat maps over the stack associated to the spectrum P(n) (Cor. and construct homology theories
from them. Morava K-theory can be recovered as one example. This observation was already made by
Yagita in [26], but the approach taken here is slightly different. Even if, up to details, all the tools can
be found in the literature, this approach seems to be uncommon.



Outline

In the first section, we introduce the reader to the world of stacks, setting up the language we will need
afterward. We assume some familiarity with the basic concepts from algebraic geometry such as sheaves,
schemes, their functor of points interpretation or Grothendieck topologies. We quickly specialise to the
study of algebraic stacks and attempt to give plenty of details on the proofs and ideas that are often taken
for granted in the literature. Then, in subsection we explain the connection between Hopf algebroids
and stacks, introducing the concepts we will need to prove the equivalence of categories between the
2-category of flat Hopf algebroids and that of rigidified algebraic stacks (Thm. . The last subsec-
tion brings spectra into the picture by constructing a Hopf algebroid associated to nice enough spectra
(Cor. . Then, we define the stack associated to these spectra using the equivalence of categories from
theorem |[1.40, We detail the example of the moduli stack of formal groups as the stack associated to MU.

The second section is an attempt to construct new homology theories from known spectra as outlined
above. We set up the machinery of quasicoherent sheaves over a stack to rephrase exactness of the func-
tor hy in terms of exactness over the associated stack (Prop. . This gives two formal statements on
how to construct homology theories from flat maps over a stack (Cor. and Cor. . We accord
particular care to gradings. Then, we specialise to MU and reprove the Landweber exact functor theorem
detailing the outline given in [I5 Lect. 16]. Among other results on spectra arising from the Landweber
exact functor theorem, we give a proof for the fact that these spectra are homotopy commutative ring
spectra, a fact that is usually mentioned but not shown in the books. Finally, we generalise the proof
just done to give a “Landweber exact functor theorem for P(n)”.

Having understood that it is usually too hard to construct new homology theories from other spectra than
MU, the last section focuses on the construction of spectra via the Landweber exact functor theorem
and interesting formal group laws. These formal group laws arise from elliptic curves. In fact, we
will describe the ideas mentioned above leading to the construction of elliptic homology theories. This
section will underline the interplay between algebraic geometry and topology that was already running
through the previous two sections. We begin by introducing elliptic curves, first over fields, than over a
general base scheme and explain their relationship to formal groups. Then, we outline the construction of
elliptic cohomology theories (Thm. [3.35). We conclude by taking advantage of the fact that we already
introduced the stacky formalism and reinterpret some previous results in the light of the moduli stack
of elliptic curves. In particular, we show that there is a flat map from this stack to the moduli stack of
formal groups, giving particular care to representability of the map (Thm. .
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1 Stacks

In this section, the concept of (algebraic) stacks will be introduced. The formal setting provided by
stacks will give rise to powerful tools for algebraic topology which we will begin to explore in subsection
[I:3] We will have to wait until 2] to see a concrete application of the formalism provided by stacks to the
task of constructing new spectra. We follow the approach taken in [I8], mainly complemented by input
from [I3], but we will mostly detail the statements that seem to be taken for granted in the literature.

1.1 First Definitions

As just explained, we would like to introduce tools from algebraic geometry to algebraic topology. How-
ever, the main object of concern in algebraic geometry, sheaves with values in Sets, are often too rigid
for topologists, as the following example highlights:

Example 1.1. Let X be a topological space and let Ouvx denote the poset of open subsets of X ordered
by inclusion. Define a presheaf Vect, : Ouvy — Sets given on objects by

U — Vect,(U) = {isomorphism classes of n-dimensional vector bundles on U}.

Following the above philosophy, we would like this to be a sheaf. However, this would imply that whenever
X admits a cover {U;}; of contractible opens, Vect,(X) is trivial. Indeed, as the only n-dimensional
vector bundle over a contractible space is the trivial one, each Vect, (U;) consists of a single element.
By the sheaf condition, any object of Vect, (X) must be equal to the glueing of its restrictions to the
U;. As each of these restrictions must be trivial and the glueing is unique, Vect,,(X) consists of a single
element, the trivial n-bundle, as well. In a slogan, “sheaves only allow for glueing trivial objects in a
trivial manner”.

Hence, asking for Vect,, (U) to be a sheaf would yield very boring topology. For example, Vect;(S!) would
be a single element as it can be covered by the contractible opens U; = S'\{N} and Uy = S*\{S}. We
would then live in a world without the Mdébius bundle.

The problem here is that a vector bundle is not characterised by its restrictions to some open sets, but
by the datum that encodes how these restrictions are glued together. What object can describe this?
One might expect it to be a 2-categorical version of a sheaf that will keep track of the glueing of both
objects and morphisms. This idea takes shape in the concept of the stack.

Definition 1.2. e A T-stack of groupoids on a site (C,T) is a pseudofunctor X : C°? — Groupoids
such that

1. For each U € 0b(C), Y, Z € X(U), the presheaf Isom(Y, Zf|on U is a T-sheaf.

2. (effective descent) Given any T-cover {U; — U}, objects E; € X(U;) and isomorphisms
fij + (Ej)luixou; — (Ei)|lu,xpu, such that fij o fir = fix on U; xy U; xy Uy, there is an
object E € X(U) with isomorphisms ¢; : E|y, — E; such that f;; o ¢; = ¢; on U; xy Uj.

e A pseudofunctor X satisfying only the first condition is a prestack.

Here the restriction (£;)|v,x, v, is notation for X(p;)(E;) where p; : U; xy U; — U is the projection.
Whenever the maps are clear, we will use this notation. When the stack is clear but the maps are not,
we will also use p} to denote X (p;)(E;).

Let us go back to the example of vector bundles and attempt to see Vect,, as a stack.

Example 1.3. As observed before, in order to encode the isomorphism classes of vector bundles over
some space in a meaningful way, we must not only keep track of the bundles themselves, but also of the
isomorphisms between them.

This brings us to consider the pseudofunctor Vect,, : Ouv¥ — Groupoids where Vect,,(U) is the category
whose objects are n-dimensional vector bundles on U and whose morphisms are the isomorphisms of
vector bundles. This construction is pseudofunctorial as the restriction maps are given by pulling back
vector bundles. This functor defines a stack (the Grothendieck topology on Ouvx is the one induced
from the topology on X):

LObserve that as X(U) is a groupoid, Isomx (Y, Z) = Homy (Y, Z). Hence, by isomorphism presheaf, we mean
the usual internal Hom presheaf, i.e. the functor Hom(Y, Z) : C?pU — Grpds given on objects by V — Homx v (Y|v, Z|v)
where the restriction notation is as explained after the definition.



1. Let U € Ouvx, E, F € Vect,(U). Then, Isom(E, F) forms a sheaf on U in the usual way sets of
functions form a sheaf.

2. Consider an open cover U;U; = X and vector bundles E; € Vect, (U;) together with isomorphisms
©ij Ei|UmUj — Ej|UmUj. These can be glued to an n-dimensional vector bundle £ on X with
isomorphism v; : E|y, — E; satisfying ¢;; 0 1; = @;; 0 1 by setting E = L; E;/ ~ where ~ is the
equivalence relation given by [(p,v) € Eilu,nu,] ~ [(p, vij(v)) € Ejlu,nu,] for all 4,j. One should
check that this indeed defines a vector bundle (i.e. that it is locally trivial).

The glueing is now possible because working over groupoids keeps track of the explicit glueings between
the bundles on each cover.

In our applications, C will usually be the category of affine schemes and T the fpqc-topology. Whenever
not stated otherwise, from now on, a stack will be a contravariant pseudofunctor from affine schemes
with the fpqc-topology to groupoids satisfying the conditions of definition It is important to notice
that no generality was lost when introducing stacks. As the following example shows, we can make sense
of sheaves also in this context and still have all the usual framework to do algebraic geometry in.

Example 1.4. There is a functor i : Sets — Groupoids given by mapping a set A to the category
with objects the elements of A and whose only morphisms are the identity. Given a pseudofunctor
F: (C,T) — Sets, we wonder when i o F is a stack. We would call this a discrete stack. As the only
isomorphisms are the identities, the second condition of definition [I.2] rewrites with equalities instead
of isomorphisms and becomes the glueing condition for sheaves. The first condition is equivalent to
requiring uniqueness of the glued section. Hence, i o F' is a stack if and only if F' is a sheaf.

In particular, any scheme can be considered as a discrete stack by identifying the scheme with its functor
of points and postcomposing with i. We will usually suppress i from the notation and simply identify
all sheaves with the corresponding stack wherever it makes sense.

Stacks form a 2-category.

Definition 1.5. A I-morphism of stacks X i Y is a "natural transformation of pseudofunctors”.
U
More precisely, for every U € Ob(C), one gets a functor X (U) LiGIN Y(U) that is compatible with

the restrictions i.e. given any V' -5 U € Mor(C) then for all x € X (U) there is a given isomorphism
Fy (i*(z)) 2 i*(Fy(x)) (this is part of the datum of a 1-morphism).

A 2-morphism of stacks F Yy G with F,G: X — Y two 1-morphisms is, for every U € Ob(C), a natural
transformation ¢y : F(U) — G(U) that is compatible with the restriction maps i.e. such that the

following diagram commutes for all z € Ob(X(U)) and V = U € Mor(C):

FU) (@) —2— GU) ()

F(i)l G(i)
F(V)(i(x)) o G(V)(i*(x))

One checks that there is a well-defined associative composition of 1- and 2-morphisms as well as identities
and that these define a 2-category Stacks whose objects are the stacks, 1- and 2-morphisms as just
defined; see [13, (2.2), Def. 3.1] for details.

Remark 1.6. Given a stack X, any object z € X(U) corresponds, by the Yoneda lemma, to a morphism
U — X, which, abusing notation, will also be denoted by z. More precisely, given an object =, we
construct the morphism = by setting z(idy) = x and extending functorially. More precisely, given an
object f : V — U € U(V), we define z(f) = f*(x) = f*(x(idy)). By construction, this defines a
morphism of stacks. Conversely, a given morphism F' : U — X is associated to the object F'(idy). These
constructions are inverses as pseudofunctoriality fixes an isomorphism F(f) = F(f*(idy)) = f*(F(idy)).

Definition 1.7 ([I3], Def. 3.6, (2.2)]). A morphism of stacks ¢ : X — ) is an epimorphism if for all affine
schemes U and every y € Ob(Y(U)) there exists a faithfully flat morphism ¢ : U' — U and =z € X(U’)
such that y|y = ¢(x).

It is a monomorphism if ¢(U) is fully faithful for all U.

It is an isomorphism if ¢(U) is an equivalence of categories for all U.



Remark 1.8. One can show that a morphism of stacks is an isomorphism if and only if it is both an
epimorphism and a monomorphism. We will only use this statement once in the proof of We refer
the reader to [I3} Prop. 3.7, Cor 3.7.1] for the proof.

One can show that the category Stacks is complete and cocomplete as a 2-category (see [13, (2.2.1-
4),(3.3)]). Except for fiber products, we will not need any of these constructions. Let us outline the
construction for fiber products.

Example 1.9 ([13, (2.2.2), (3.3)]). Given a span of 1-morphisms of stacks X 5 zL& Y, we define a
pseudofunctor
X xz)Y: Aff°? — Groupoids

given on the objects by defining X x z Y(U) to be the category whose objects are triples (z,y, g) with
€ Ob(X(U)), y € Ob(Y(U)) and F(z) & G(y) € Mor(Z(U)). A morphism (z,y,9) — (z/,4,¢') in
X xz Y(U) is a pair (z ER 'y EiN y') € Mor(X(U)) x Mor(Y(U)) such that G(f') o g = ¢’ o F(f).

Given a morphism V % U, we define X x z Y(i) on objects by X xz Y(i)(z,2’,g) = (i*(x),i*(2'),i*(g))
and similarly on morphisms. One checks that this is well-defined and defines a stack which furthermore

is the (2-categorical) limit E| of the span we began with.

Remark 1.10. It is often useful to notice the following connections between the sheaves of isomorphisms
and certain fiber products. Consider two morphisms z; : Spec(S) — X and z2 : Spec(T) — X to
some stack X, corresponding to objects 1 € X(S) and zy € X(T') by remark Then, there is an
isomorphism

SpeC(S) Xz1,X 22 SpeC(T> = MSpec(S)xSpec(T) (pz'(xl)?p}(xQ))

where pg : Spec(S) x Spec(T) — Spec(S) is the projection to Spec(S) and pr is the projection to
Spec(T). This is clear as, by definition, an element of the fiber product Spec(S) X4, x4, Spec(T)(U)
corresponds to a triple (a : U — Spec(S), b : U — Spec(T), ¢ : x5(a) = x5(b)) and an element of
Lsomigpec(s)xspec(r) (P5(21), P7(22))(U) corresponds to a morphism (a,b) : U — Spec(S) x Spec(T’) and
an isomorphism (a, b)*p%(z1) = a*(x1) = (a,b)*pi(r2) = b*(z2); see [0, Cor. 2.21].

The same argument shows that, for T'= .5,

MSpec(S’) (3717 x2) = Spec(S) X(z1,22), XXX, A X
where A denotes the diagonal. Indeed, an element of Spec(S) X (4, 2,),xxx,a X(U) corresponds to a
triple (m € X(U), f: U — Spec(S), ¢ : (f*(x1), f*(x2)) = (m,m)) which is precisely an isomorphism
f*(x1) &2 f*(a2); see [0, Thm. 2.30].
Similarly, one shows ([0, after Lem. 2.11]) that

(Spec(S) Xay,x,25 SPEC(S)) Xspec(s)xSpec(s) Spec(S) = Isom (w1, x2).

Summing up, one has the following three cartesian diagrams:

ISﬂSpec(S)xSpec(T) (pg(zl)v p}(l‘g)) E— Spec(S)

Spec(T)

2j.e. it satisfies the following universal property:

For any stack 7 with 1-morphisms f, g and a 2-morphism ) that 7x o f = m, o g, there exists a unique 1-morphism h as
in the diagram and unique 2-morphisms « and S such that everything commutes appropriately.



Isomgpeo(sy(T1,72) — X X X

| J+

and
Isomg,eq(s)(T1, 72) — Spec(S) x x Spec(S)

! !

Spec(S) e Spec(S) x Spec(S).
Be warned that these diagrams are not strictly commutative, only commutative in the 2-categorical sense,
i.e. there is an implicit given isomorphism witnessing commutativity. This isomorphism is given by the
composition of the isomorphism between the fiber product and the isomorphism presheaf described above
and ¢ coming from the construction of the pullback. In what follows, like was done here, we will usually
not make these isomorphisms explicit and always keep in mind that the diagrams we consider are merely
2-commutative.

Having pullbacks enables us to translate concepts used for morphisms of schemes to morphisms of stacks
when they are nice enough.

Definition 1.11. A morphism of stacks ¢ : X — Y is representable if, for any morphism f : Spec(R) — Y
from an affine scheme (viewed as stack), the fiber product Spec(R) xy & is equivalent to a scheme.

Although we will mostly deal with representable morphisms, let us mention that there exist reasonable
morphisms between stacks that are not representable. We will have to wait until example for an
explicit example. The following lemma will be one of the main ingredients for the proofs in the remainder
of this section.

Lemma 1.12. Consider a 2-cartesian diagram of stacks

Xxy2Z -1z

| b
Y

If f is representable, then so is [’ (i.e. representable satisfies base change). Moreover, if g and g’ are
epimorphisms and [’ is representable, then f is representable as well.

Proof. Suppose that f is representable and consider some morphism h : Spec(R) — Z. We need to show
that P in the following diagram is equivalent to a scheme

P —— Spec(R)
Lok
Xxyz 1 .z
AR
X ﬁ V.
By pullback pasting, P is equivalent to the fibre product X' X sy gon Spec(R) which is a scheme as f is

representable. The proof of the second statement is more involved and can be looked up in [I3 Lem.
4.4.3]. O

Representable morphisms allow for natural extensions of certain definitions made for schemes to stacks.

Definition 1.13. Let P be any property of morphisms of schemes that satisfies base change (such as
affine, flat...). A representable morphism of stacks ¢ : X — J is said to satisfy P if for all morphisms
from an arbitrary affine scheme f : Spec(R) — Y, the base change of f, f’: Spec(R) xy X — Spec(R),
satisfies P as morphism of schemes.



In what follows, we might say that a morphism satisfies the property P without specifying that it is
representable. This will always be implicit. Let us give an example illustrating why the previous definition
is sensible. As we are working with the fpqc-topology, one would expect a faithfully flat morphism of
stacks to be some sort of covering. The following proposition shows that it is at least surjective up to a
cover.

Proposition 1.14. If a representable morphism of stacks ¢ : X — Y is faithfully flat and affine, then it
is an epimorphism.

Proof. Let U be some affine scheme. Recall from remark that y € Ob(Y(U)) defines a unique
morphism of stacks y : U — ). Form the following pullback diagram:

UxyX —— X

o)

Uﬁy.

As ¢ is affine, U xy X is equivalent to some affine scheme. Hence, as was argued above for y, the
morphism x determines an element x := z(idyx,x) € X(U xy X). As ¢ was assumed to be faithfully
flat, so is ¢’ and it exhibits U xy X as an fpgc-cover of U. Commutativity of the pullback diagram up
to a 2-isomorphism gives that y|yx,x =y 0 ¢ (idux,x) = ¢ o x(idyx,x) := ¢(x) as claimed. O

Remark 1.15. Let P be as in definition and consider a 2-cartesian diagram of stacks

XxyzZ -tz
O

—>y

Observe that, by the same pullback pasting argument as in lemma [1.12] if f satisfies P, then so will f’.
If furtherrnore7 P satisfies fpgc-descent and g and ¢’ are faithfully ﬂat and affine and f’ satisfies P, then
so does f.

To see this, notice first that by lemma and proposition f is also representable. Then, given
a morphism h : Spec(R) — ), we need to show that its base change hy : Spec(R) xy X — Spec(R)
satisfies P. By proposition the morphism ¢ is an epimorphism. Hence, by definition, there exists
a faithfully flat morphism ¢ : Spec(S) — Spec(R) such that h o ¢ factors through g as depicted in the
following diagram

By base change, f” satisfies P. Consider further the diagram

p—1" Spec(S)
q’l lq

X Xy Spec(R) AN Spec(R)
| - J»
— ).
X 7 Yy

By pullback pasting, all squares in the above diagram are cartesian and by base change ¢’ is also faithfully
flat. Then, by fpqc-descent h¢ satisfies P as was to be shown.



From now on, we will often use the previous remark tacitly. It seems reasonable to ask for all the
morphisms from some affine scheme into a given stack to be representable. In the following, we will focus
on a subcategory of stacks having this property. We will adopt the following definition in accordance
with [I6], Def. 4.37], as it will be the most convenient for what follows. In remark another definition,
common in the literature, will be discussed.

Definition 1.16. A stack X such that there exists some morphism P : Spec(S) — X that is repre-
sentable, affine and faithfully flat is called algebraic. The map P is a presentation for X.

A rigidified algebraic stack is an algebraic stack X’ together with a given presentation P (the presentation
is now part of the data).

Definition 1.17. Rigidified algebraic stacks assemble into a 2-category S. More precisely, the objects
of § are presentations P : Spec(S) — X as defined in definition A 1-morphism from a presentation
P : Spec(S) — X to P’ : Spec(S’) — Y is a pair (fo, f) where fy : Spec(S) — Spec(S’) is a morphism of
affine schemes and f : X — ) a l-morphism of stacks such that the following diagram is 2-commutative

Spec(S) SELEN Spec(S”)
Pl — lP’
X ﬁ V.
Composition of 1-morphisms is component-wise. Given two l-morphisms (fo, f), (90,9) : (Spec(S) —
X) — (Spec(S’) = V), a 2-morphism from (fo, f) to (go, g) is simply a 2-morphism from f to g in the
2-category of stacks.

Remark 1.18. If X is algebraic, it follows from the definitions that any morphism f : Spec(R) — X
is representable and even affine. Indeed, we want to see that given any morphism g : Spec(R’) — X,
the pullback Spec(R') X x Spec(R) is equivalent to some affine scheme. Let P : Spec(S) — X be a
presentation for X and consider the pullback square

Spec(R) X x Spec(S) —— Spec(S)

I "

Spec(R) —_— X.
As P is representable and affine, Spec(R) X x Spec(S) is equivalent to an affine scheme which we call
Spec(A). Moreover, by base change, P’ is also representable, affine and faithfully flat. In particular, as
affine morphisms are quasi-compact, {P’'} is an fpqc-cover of Spec(R). As affine is a property that is
fpqc-local on the target, it suffices to show that ¢” in the following diagram is affine

"

Spec(R’) x x Spec(R) x x Spec(S) —— Spec(R) x x Spec(S) ~ Spec(A)

-l -

Spec(R') x x Spec(R) g Spec(R)
| 5
Spec(R') 5 X.

Then, g’ will be affine as well by fpqc-descent and this implies that Spec(R’) x x Spec(R) = ¢’ (Spec(R))
is some affine scheme as wanted. We claim that Spec(R’) x x Spec(A) ~ Spec(R) x x Spec(R’) x x Spec(S)
is equivalent to some affine scheme. Recall that by assumption Spec(R') x x Spec(S) is equivalent to
an affine scheme which we denote by Spec(B). The claim then follows from pullback pasting and the
following commutative diagram:

Spec(A ®s B) ———  Spec(S) x x Spec(R') ~ Spec(B) —— Spec(R')

| l |

Spec(R) x x Spec(S) ~ Spec(A) Spec(S) > X.

f/

More precisely, as both inner squares are pullbacks, so is the outer square and Spec(R) X x Spec(R’) X x
Spec(S) ~ Spec(A ®gs B) is affine. Then ¢”, being a map between affine schemes, is affine.



Remark 1.19. In the literature, for example in [I8 Def. 6] or [I3] Def. 4.1], one often finds algebraic
stack to be defined as a stack X whose diagonal Ay : X — X x X is representable and affine and
such that there exists some affine scheme Spec(S) together with a faithfully flat map P : Spec(S) — X.
Moreover, algebraic geometers often ask for P to also be smooth (see [I3, Def. 4.1]). This condition
is usually dropped by algebraic topologists as, as we will see in remark one of the most useful
examples involves a non-smooth presentation. From this alternative definition arise two questions: why
can we ask for P to be faithfully flat, is it representable? Why is this the same as our definition? Both
these questions are solved by the claim that the diagonal is representable if and only if any morphism
f : Spec(R) — X is representable. For the proof, recall from general category theory that the following
diagram is cartesian (“magic square”)

Spec(R) X x Spec(R') —— Spec(R) x Spec(R')

| |vo

X s X x X.

Hence if the diagonal is representable and affine, the pullback Spec(R) x x Spec(.S) is equivalent to some
affine scheme by definition.

For the converse, we need to show that given any morphism (f, g) : Spec(R) — X x X, its pullback along
Ay is equivalent to an affine scheme. Observe that (f,g) factors through the diagonal of Spec(R) and
fits into the following commutative diagram:

Spec(R ®@rgr A) — Spec(R) x x Spec(R) ~ Spec(A) —— X

! ! Jo-

Spec(R) Y P a— Spec(R) x Spec(R) R X x X.

(f,9)

The right-hand square is cartesian as it is the magic square and the left-hand square is cartesian by
construction. The pullback Spec(R) x x Spec(R) is equivalent to an affine scheme because both f and
g are now assumed to be representable (actually it suffices for one of them to be representable). By
pullback pasting, the top left corner is uniquely isomorphic to Spec(R) X xx x X which is thus equivalent
to an affine scheme as claimed.

Remark 1.20. In view of the previous remark and remark the condition that A is representable
and affine is equivalent to all isomorphism sheaves being affine schemes.

1.2 Stacks and Hopf algebroids

Hopefully, the previous subsection has made clear to the reader why it is convenient to introduce stacks
in addition to sheaves if one wants to do algebraic geometry in a topological setting. Moreover, it should
seem believable that, at least for rigidified algebraic stacks, many notions can be carried over. However,
we have not given many examples of stacks yet and have provided no guidance for tasks like checking if
a given morphism is representable or even flat. In this subsection, we expose a deep connection between
certain algebraic objects, the flat Hopf algebroids, and rigidified algebraic stacks. In fact, as shown in
theorem these two categories are equivalent. This will have many useful properties in practice,
which we will exploit throughout the remaining sections. For more concrete and geometric examples, as
well as a link to certain ring spectra, the reader will have to wait until the next subsection.

Let us begin by introducing the main objects of interest for this section.

Definition 1.21. A groupoid object in affine schemes is a pair of affine schemes (Xg, X;) together with
five morphisms of affine schemes: source s : X1 — Xy, target t : X1 — X, unit e : Xg — X1, composition
m: X1 X x,,+ X1 — X1 and inverse ¢ : X; — X, satisfying the following axioms:

1. sce=toe=1idx,,toi=s,s0i=t som=soprg,tom==topr].
2. (Associativity) m is associative i.e. the following diagram commutes

mXid
X1 X, x0,t X1 Xs,x0,6 X1 — X1 X, x0,t X1

idxm| |m

X1 X, x0,t X1 ———7— X1.
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3. (Neutral element) The composites X1 = X; x5 x, Xo dxe, X1 Xg x0.6 X1 2y Xy and X; =

Xo Xx,.6 X1 M X1 X, x0.t X1 I Xy are equal to the identity on Xi, i.e. e is a two-sided

neutral element for m.

4. (Inverses) The following two squares commute:

iXid id X1
X1 —— Xy Xg,x0,6 X1 X1 —— Xy Xg,x0,6 X1
I S A
Xog —— X, Xo —— Xu

and 704 = idx,.

Example 1.22. Any affine scheme X can be seen as a groupoid object in affine schemes by identifying
it with (X, X) and defining all the structure maps to be the identity.

The corresponding notion in the category of commutative rings under the equivalence of categories
Aff°? ~ C'Rings is that of an Hopf algebroid.

Definition 1.23 ([I9, Def. Al1.1.1]). A Hopf algebroid is a cogroupoid object in commutative rings.
More concretely, it is a pair of commutative rings (A,T") together with five morphisms of rings left unit
np : A— T, right unit ng : A = T, counit € : T’ — A, diagonal ¢ : T' — T'® I and conjugation ¢ : T — T
satisfying relations dual to the ones in the previous definition.

A Hopf algebroid is flat if either the left or the right unit is a flat morphism of rings.

Remark 1.24. If the left unit n; of some Hopf algebroid is flat, then so will be its right unit ng as
the relation ng = c o np exhibits the right unit as composition of two flat maps (¢ is flat being an
automorphism). Moreover, in this case, both units are automatically faithfully flat as they admit € as a
left inverse and hence Spec(ny,) respectively Spec(nr) must be surjective.

To any Hopf algebroid corresponds the groupoid object in affine schemes (Spec(A), Spec(I')) and the
global sections of a groupoid of affine schemes yield a Hopf algebroid. We will move around freely
between these two dual notions, but it should be clear from the context which point of view is adopted.
We will often write (X, X;) for the groupoid object in schemes interpretation and (A,T") for the Hopf
algebroid specified by rings. In this section, we will usually adopt the schematic perspective. When
spectra come into play, we will often prefer the ring notation. One should be warned however that
the equivalence between the two notions is contravariant, in particular it sends limits to colimits and
vice-versa. It is important not to get confused about this. Already in the following definition we make
the announced identification between these two categories.

Definition 1.25. The 2-category of Hopf algebroids has as objects groupoid objects in affine schemes
(X0, X1). A l-morphism (fo, f1) : (Xo,X1) — (Yo,Y1) consists of a pair of morphisms of affine scheme
fi + X; = Y; for i« = 0,1 which commutes with all the structure maps. Given two l-morphisms
(for f1), (60, 91) : (X0, X1) — (Yo, Y1), we define a 2-morphism c : (fo, f1) — (go,g1) as a morphism
of affine schemes Xy — Y7 which is fy when postcomposed with the source and gy when postcomposed
with the target. Moreover, we require it to be compatible with multiplication by asking the following
diagram to commute:

(g1,cos)

X1 Yi xy, 11

(cot, f1 )l lm

Yl Xy, Yl T> Yl.

The identity 2-morphism for (fo, f1) is defined as fp o e. Composition of 1-morphisms is component-
wise and composition of 2-morphisms (fo, f1) = (go,91) — (ho,h1) is given by ¢ o ¢ : X S
Y1 Xs,v5,t Y1 2 ¥;. One checks that this defines a 2-category, which will follow easily from the axioms
defining the groupoids, functoriality and naturality.

The 2-subcategory whose objects are given by flat Hopf algebroids will be denoted by H.

As announced, there is a surprisingly deep relationship between stacks and Hopf algebroids which we
will investigate now.
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Lemma 1.26. For any affine morphism of stacks f : Spec(R) — X, the pair (Spec(R),Spec(R) X x
Spec(R)) can be given the structure of a Hopf algebroid.

Proof. We will only give the necessary maps, checking that they satisfy the desired properties is left
to the reader. First, recall that, as f was assumed to be affine, the pullback Spec(R) x x Spec(R) is
equivalent to some affine scheme denoted by Spec(S). The source and target maps are given by the
two canonical projections. The unit is given by the diagonal and the inverse comes from the switch
map. The composition is given by projection onto the first and third coordinate under the identification
Spec(S) Xspec(r) SPec(S) = Spec(R) x x Spec(R) x x Spec(R). O

Definition 1.27. A Hopf algebroid arising from a morphism of stacks f as in lemma [[.20] is called
associated Hopf algebroid to f. Given a rigidified algebraic stack (X, P : Spec(R) — X), the associated
Hopf algebroid to the presentation P is also referred to as the associated Hopf algebroid to X.

Conversely, one can associate a prestack to a Hopf algebroid via the following construction.

Construction 1.28. Let (A,T) be a Hopf algebroid, which we identify with its associated groupoid in
affine schemes denoted by (Xo, X1). We associate a pseudofunctor [X,]’ : (Aff, fpgc)°? — Groupoids to
it as follows.

First, let us define this functor on objects. Given some affine scheme U, [X,])'(U) is the groupoid whose
objects are morphisms of affine schemes U — X, and whose morphisms are morphisms of affine schemes
U — X;. The source, target and composition maps are induced by the structure maps s, ¢t and m of
(Xo,X1) . More concisely, Ob([X.])'(U)) = Xo(U), Mor([X.]'(U)) = X1(U) where we identified the
scheme X; with the sheaf it represents.

More precisely, a morphism o : U — X1 is in Homx, ) () (U ER X0, U S Xp)ifsoa=fandtoa=g.
Given 3 € Homx, ) w)(U 9y Xo, U LN X)), the composition o « is defined as
Boa:=mo(a,B):U— X3 Xx, X1 = X3

where («, ) is given by the universal property of the pullback as in the following diagram:

U B
(a7ﬂ)

s
"
X1 xx, X1 225 X3

| J

X1 —t> Xo.

Observe that by the first axiom of definition and 2-commutativity of the above diagram, it holds
that somo (a,8) 2 sopryso(a,f) = soa = f and similarly ¢t o m o («, 8) = h. Hence the composition
is well-defined. It is associative because m is (axiom 2 of definition . Given an object f: U — X,
define its identity morphism to be id; :=eo f : U — Xo — X;. Note that soe =toe = idx,, so ids
has f as source and target. Given another object g : U — Xy and a morphism « : f — g, we claim that
aoids = a, ie. up to isomorphism id; is indeed a left neutral element. The proof that it is a right
neutral element is symmetric and will be omitted. Recall that aoidy = mo (e, eo f). Now observe that
(a,eo f) = (idx,,e o s)oa. Indeed, noting that, by definition of «, it holds that soa = f, we have the
following 2-commutative diagram:

X1 — Xo e
(idx, .c0s) \
SA

T
X1 XXOXl L>)(1

However, the outermost square is the square used to define («, e o f), hence as the lower square is a
pullback, (a,eo f) and (idx,,e o s) o a are canonically isomorphic. By axiom 3 of definition one
knows that m o (idx,,e o s) = idx,, hence mo (a,eo f) 2 mo (idx,,ec s) oa = « as claimed.

12



Finally, [X,])'(U) is really a groupoid (not just a category), as any morphism « admits an inverse given by
ioa as can be easily checked from axiom 4 (the details are similar to the previous and therefore omitted).

On morphisms, the functor [X,]’ is induced by restriction, i.e. [Xo(V = U) : [X.]J(U) — [X.]) (V)
sending U — Xy to V' LU > Xo, similarly for X;. This is clearly functorial.

Lemma 1.29. The pseudofunctor constructed in construction [1.28 is a prestack.

Proof. We claim that given any affine scheme U and two objects f, g € [Xe]'(U) the presheaf Isom(f, g)
is a sheaf. Lazily, one could just argue that this is clear as all objects involved are morphisms between
schemes and it is well-known that these have the desired sheafy properties. However, let us write out
the details now so we can be lazy with good conscience later. We need to show that, given any fpqc-
cover {U;}; of U and a collection {(;}; of elements in Isom(f|v,,g|u,), which are all compatible on the
intersections, there exists a unique ¢ € Isom(f, g)(U) which restricts to ¢; on each U;. Recall that each
; is some morphism of affine schemes U; — X;. As they agree on the intersections, they glue uniquely
to some morphism of schemes ¢ : U — Xj. Let us verify that ¢ € Isom(f,g)(U) i.e. that so¢@ = f
and t o ¢ = g (we already know it is necessarily an isomorphism). Note that {s o ¢;}; forms a collection
of compatible morphisms of schemes from U; — X,. As before, they glue uniquely to some morphism
U — Xy. Since by construction so¢; = f|y,, uniqueness implies that they must glue to f. Now observe
that s o |y, = so p; = f; by construction, so using uniqueness again one concludes that so ¢ = f as
wanted. The argument for ¢ is completely analogous. O

Remark 1.30 ([I3] (2.4.3)]). Identifying the scheme X, with the discrete prestack it represents, it makes
sense to talk about morphisms Xy — [X,]'.

There is a canonical 1-morphism of prestacks can : Xo — [Xd]' given by cany : Xo(U) — [X.]'(U)
defined as the identity on objects and mapping idU N to idy as constructed in construction w
Moreover, there is a canonical 2-isomorphism cano s 2, canot, i.e. for each affine scheme U, there exists
a natural transformation (that moreover varies naturally in the U) ¢y : canos(U) — can o t(U) where

can o s(U) is the functor X;(U) = Xo(U) &% [X,](U). As the only morphisms in X;(U) are the
identities, naturality will be straightforward. Given an object f: U — X3, we wish to define a morphism
du,g = cano s(U)(f) = canot(U)(f) in [X.]'(U), i.e. ¢y, is some morphism U — X; from so f to
to f. What better choice is there than f itself? Hence, we set ¢y, = f and this defines the desired
2-morphism.

The main takeaway is that there always is a “canonically” 2-commutative diagram

X1#>X0

Xo —zan [Xo]".

This diagram is cartesian as the induced map % in the following diagram is an isomorphism:

t

Xo X[X.]’ XO e X()

J Jan

Xo ——an— [Xo]".

Explicitly, ¥(U)(a : U — X1) = (s o a,t o a,«) and the inverse is given by mapping an element of
the pullback (f : U = Xo,9 : U — Xo,8 : U — X1) to 8. These constructions are inverses as the
isomorphism between the two objects we consider together with the structure maps already encodes all
the information. Of course, one would need to extend this definition to turn the inverse into an actual
functor of 2-categories. This is left to the reader.

Remark 1.31. In [I3] (2.4.3)], the existence of can and ¢ is mentioned together with the fact that X3
is the pullback. It is then stated that “these satisfy a universal property which we will avoid to write
down”. After further reading, one infers from the proofs that this universal property should say: given
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any morphism of prestacks P : Xy — X and a 2-isomorphism « : P o s 2 P ot, there exists a unique
morphism P’ : [X,]" — X such that P = P’ o can. In other words, for any diagram of the following
form such that the solid squares are 2-commutative, there exists a unique dashed arrow and unique
2-morphisms filling the new squares such that everything is 2-commutative:

X, —4 5 X,

J Jean

Xo > [XoJ

On objects, P’ is defined by sending f : U — Xy € Ob([X.]") to P(f). A morphism A : U — X; between
two objects f and g is sent to a4 where ay denotes the isomorphism Pos(A) = P(f) — Pot(A) = P(g)
induced by a. One checks that this extends to a well defined morphism between these prestacks.

We have now constructed a prestack [X,]" from a given Hopf algebroid (Xo, X;). However, in general
there is no reason that [X,]" should satisfy the second condition of definition and be a stack. The
problem is that the compatibilities are only defined up to compatible isomorphisms and not equality.
The fact that X is a sheaf is not strong enough to control this (similar to how vector bundles form a
stack and not a sheaf). Luckily, there is a canonical way to turn a prestack into a stack: stackification.
This is the 2-categorical analog of sheafification.

The following construction is given in [I3, Lem. 3.2], but there is no discussion whatsoever on why it
has the desired properties. We have made it our duty to fill in at least some of the gaps. A similarly
brief overview can be found at [22, Tag 02ZM].

Theorem 1.32. For any prestack X, there exists a canonically associated stack X together with a fully
faithful 1-morphism of prestacks i : X — X. Moreover, given any stack Y, precomposition with i induces

a bijection Homgtacks(/f,y) =, Homprestacks(X,U(Y)) where U : Stacks — Prestacks denotes the
forgetful functor. In other words, any morphism from X to a stack Y factors uniquely through X in a
2-commutative way. The stack X is known as stackification of X and the bijection induced by i exhibits
its universal property.

Proof. The idea is to just add in all the data one needs to make effective descent possible and then verify
that this will satisfy all the desired properties. ~
Given a prestack X’ and an affine scheme U, we define X (U) as the groupoid whose objects are triples

({Ui = U}is {Xi}is {piir })

where {U; — U}, is a finite fpqc-cover of U, and ({X;}:, {¢ii'}) is a descent datum relative to this cover.
More precisely, each X; is an object in X(U;) and the ¢,y € Mor(X(U; xy U;)) give isomorphisms
viir © Xiluixpu; = Xjluixou; satisfying the usual cocycle conditions. The morphisms between two
objects ({U; — U}y, {Xi}i, {wirr}) and ({V; — U}, {Y;};, {¢5:})) of ./'%(U) are collections {a;;}; ;
where each a;; € Morx (X; UixuVis Yj UixUV,-> compatibly with the descent data. This means that for
all 7,4, 7,7’ the following square commutes:

aijI(UiXUUi/)XU(VjXUVj/)
Xi|(U¢><UUi/)><U(Vj><UVj/) YJ‘|(U7L><UU¢’)><U(VJ‘XUV;")

<PM"(UixUUi/)xU(ijUVj,) 'ijj"(U,;XUUi/)XU(VjXUV]»/)

Xirlixo U xo (Vixuvy) Yirl o U xu (Vi xu V)

ai’j"(UixUUi/)xU(ijUVj,)

To define composition, we need to remember what it means for X to be a prestack. Consider two
morphisms

{aijhij: (Ui = Ui {Xi}is {piir }) = ({V5 = Ul {Y5 15, {50 })
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and
(o} ({V; = U Y5} {bisr}) = (Wh = Uk A Zi bies {tbr })-

One can a priori only define the composition

bk Ui xu Vi xu Wi © QijUixu Vixu Wi @ XilUix oV xo Wi, = Zk|Usixu Vixo Wi -

Observe that {U; xy V; xy Wy}, is an fpge-cover of U; Xy Wy,. Moreover, the fact that the a;; and b, were
assumed to be compatible with the descent datum ensures that the bjr|v, v, xu Wi © @ijlU, x vV, v Wi
agree on the intersections of the various Vj. As Isom y(Xilv,x,v;xuwi» ZklU;xuvyxuw,) is a sheaf,
the morphisms {bjk UsxuVixuWe © @ij|Usx Vi x o Wi }j glue to the morphism which we define to be the
composition b o a;; : Xi\UiXUVj = Zi|u;xyv;- It is left to the reader to verify that this is compatible
with the descent data (which is essentially because it was glued from compatible morphisms) and that
this makes X (U) into a groupoid.

On morphisms, X is defined in the obvious way. Given a morphism of affine schemes f : V — U, we
define X(f) : X(U) — X(V) on objects by

{Ui = Ui AXi}is {pir}) = (Ui xu V = Vi, {X;

UsxuV Vs {0ii Ui xov })-

As flat, quasicompact and surjective are all properties that satisfy base change, {U; xy V — V}; is a
cover. The definition of X'(f) on morphisms and the verification of functoriality are left to the reader.

The fact that X defines a prestack, i.e. that morphisms form a sheaf, carries over from the fact that X'
is a prestack. The argument is the same as the glueing argument done to define composition.

The second condition for X to form a stack, namely effective descent, is now almost trivially sat-
isfied by construction. Indeed, we must show that given an fpqc-cover {W) — U}, and objects
B = ({UF — Wi, {XE }i,{cp](“ik)%)}i) € X (W) with a descent datum {t¢px }1, there exists some

object E € X (U) whose restriction to each Wy, is isomorphic to Fj. The easiest idea, to just assemble all
data into one, works. One sets E = ({Wy, — Wi, — Ulig, {szk}”ﬁ{ all descent data }) where by ”all
descent data” we mean all the {<pl(€ik)(i§c)}i»k to give the descent datum between elements coming from

the same cover (like X and X[), but also the morphisms encoded in {t }i to relate elements from
different covers. More precisely, gk is a morphism in X (W}, x Wy ) and hence consists of compatible
morphisms {a;, j,, : XﬂWMXUWk/j — lefC |Wki><UWk/j}’ Each a;, 5, then gives the required descent
datum from XﬂWkixUWk/j to Xj’-“'|WMXUWk,j (where we used pullback pasting).

The morphism i : X — X sends an object 2 € X(U) to ({U LN U}, x,idy). Amorphism f:2z -y e X
is sent to itself but now seen as ({U v, U}, x,idy) EN (U v, U},y,idy) € X i.e. seen as morphism
Z|uxyUu = Yluxyu compatible with the descent data given by the identity. From this, it is clear that 4
is fully faithful.

We will only outline why precomposition with ¢ induces the claimed bijection. The key observation is that
for any object ({U; — Ui, {X;}i, {pirr}) € X(U), there exists a cover {V; — U} and some Y; € X(V})
such that ({U; — U}, {Xi}s, {@ir})|v, = i(Y)). Indeed, the cover {U; — U}; itself can be chosen as
the desired cover and the X; can be chosen for the Y;. The descent datum itself then gives the desired
isomorphisms:

Ui = U} AXi}is {eir Py, =
(U xv Us = Uk A%l ot i il o)) 225 i(X5)

idu, )
= (UJ Em— Uj,Xj,’Lde).

Using this, one defines an inverse Homsmcks()?,y) & Homprestacks(X,U(Y)) as follows. Given a
morphism of prestacks F' : X — U(Y), we know how to define ¥(F') on elements in the image of i,
namely ¢(F)(i(x)) := F(z). Then, we use the previous point to extend this definition to any object of
y € X(U) by finding a cover {U; — U}; such that y|y, is isomorphic to i(z;) for some z; € X(U;). We
define ¥(F)(y|u,) :== F(i(x;)). One then checks that these satisfy the effective descent condition and, as
YV is a stack, glue to some object which we define to be ¥ (F)(y). The details that this definition makes
Y(F) into a well-defined morphism of stacks are left to the reader. O
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Remark 1.33. Recall that a finite disjoint union of affine schemes is again affine. In particular, any finite

fpqe-covering {U; Y, U}, in the category of affine schemes is equivalent to the cover {U;U; — N ) }
consisting of a single morphism. As the coverings {U; — U}; that appeared in the definition of objects
of the stackification were required to be finite, we could also have described an object z € X(U) as a
triple ({U’" — U}, o', {¢12}) where U’ is an fpqc-cover of U, 2’ is an object of X'(U’) and, denoting the
two projections U’ Xy U’ — U by p; and pa, @12 gives an isomorphism @15 : p}(z') — p3(x). We allowed
finite covers in the previous proof because it clarified certain ideas like showing the effective descent
property. However, in the following, we will often use the convention given in this remark as it is easier
to deal with.

In view of this theorem, one can associate a stack [X,] to any prestack [X,]" obtained from a Hopf
algebroid. This stack has analogous properties to those of the prestack discussed in remarks and

[:31] namely:

Remark 1.34. There is a canonical morphism ¢ := i o can : Xg — [X,] and a canonical 2-morphism

cos D cot. Moreover, fully faithfulness of 7 implies that X is also the pullback for X, = [X] & Xo.
The stack [X,] has the following universal property: given any morphism of stacks P : Xg — X and a
2-isomorphism Pos — Pot, there exists a unique morphism P : [Xe] — X such that P = Poc. Indeed,
P is obtained from the universal property of stackification and the map P’ constructed in remark

Remark 1.35. If X is already a stack, theni: X — X is an isomorphism of stacks as can be seen from
the universal property of stackification applied both to ) = X and Y = X.

In particular, recall that we have seen in example that for any affine scheme X, the pair (X, X)
defines a trivial Hopf algebroid. Unravelling the construction of [(X, X)]’ one sees that this prestack is
equivalent to the scheme X seen as a prestack. As X is already a stack, we conclude that [(X, X)] = X.

The proof of theorem [I.32) may have been long and technical, but in the end it was just verifying that
adding all the effective descent data did what we wanted. For many applications, one gets away with
just knowing the universal property and not having to look at the explicit construction. However, the
following few propositions and corollaries exploit the specific construction of the associated stack functor
and will prove to be very useful. This is one reason why the explicit construction was outlined here. The
other reason was to notice how little geometric input this construction gives us. We only know that,
up to a faithfully flat cover, the objects are those that X, represents. It is generally very difficult to
understand the geometric meaning of the objects that do not lie in the image of i. Therefore, it will
be nice to have the equivalence of categories of theorem as it will give a translation between the
algebraic and geometric worlds. We will see a concrete example of this in proposition |1 But first let
us focus on the following important propositions.

Proposition 1.36. Up to a cover, any morphism of stacks f : Spec(R) — [Xa] factors through Xg.
More precisely, there exists a faithfully flat morphism of schemes ¢ : Spec(S) — Spec(R), a morphism of
schemes a : Spec(S) — X and a 2-isomorphism witnessing the commutativity of the following diagram:

Spec(S - Spec(R) %

\/

Proof. To begin with, recall from remark[1.6|that f is entirely characterised by where it sends the identity
of Spec(R). From remark we know that f(idg) is some triple

(Spec(S) L Spec(R), Spec(S) % Xo, £12)

where ¢ is an fpqe-covering and &1 : pi(a) — p5(a) the required descent datum.
We claim that the diagram

Spec(S) —— Spec(R) SN [X]

\ can

Xo
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is 2-commutative. By the above observation, it suffices to check that the two compositions are isomorphic
on idg. We calculate

foelids) = f(p) = ¢"(f(idr)) = (¢ : Spec(S ®r §) = Spec(S),a o @, ¢ (§12))
where @ denotes the base change of ¢ along itself. On the other hand,
coa(ids) = c(a) = (idspec(s), @, idspec(s))-
We claim that (¢ : Spec(S ®gr S) — Spec(S),a o @, 0*(£12)) and (idgpec(s); @, idspec(s)) are isomorphic
in [X,](Spec(S)). Recall from the associated stack construction that an isomorphism between these two
objects consists of a morphism
1/1 Lao 95|Spec(S)XSDSC(S)Spec(S@)RS) =ao 95 — a|Spec(S)XSPSC(S)Spec(S@)RS)

compatible with the descent data. Since by definition and construction it holds that

— F* _ =
a‘Spec(S)><Spec(s)Spec(S®RS)ESpec(S®RS) = (a) = a0y,

one can choose 9 = idqop, Which, by the proof of lemma was defined as e o a o @ where e is the unit
of (Xp, X1). This is clearly compatible with the descent datum, which concludes the proof. O

Remark 1.37. This proposition makes it very easy to compute pullbacks of morphisms Spec(R) — [X,]
up to an fpqe cover. Suppose we wanted to calculate the pullback of the span Spec(R) — [Xo] < Spec(R’)
up to an fpqc cover. Then by proposition there exist faithfully flat morphisms ¢ and ¢’ which factor
as drawn below. Calculating the pullback of the span

Spec(S) £ Spec(R) — [X,] < Spec(R') & Spec(S”)

now comes down to pasting several pullbacks of affine schemes together as depicted in the diagram.
Luckily, we know how to do this:

Spec(S ®a, A1 ®a4, S’) —— Spec(S’ ®4, A1) — Spec(S’

e TN

Spec(S ®4, A1) X1 - Spec(R’).
L | |
Spec(S) X / X.]
\ Spec(R)

Here Spec(4;) = X;.
Let us explore two very useful consequences of the previous proposition.

Corollary 1.38. A morphism f : Spec(R) — [X,] is representable if and only if the fiber product
Spec(R) X f.[X.],c X0 5 equivalent to a scheme.

Moreover, if f is representable, it satisfies P if and only if the base change of f against ¢ satisfies P.
Here P denotes a property of morphisms of schemes that satisfies base change and is fpgc-local on the
target.

Proof. Suppose that the fiber product Spec(R) x s x,],c Xo is equivalent to a scheme Y. We need to
show that given any morphism g : Spec(R') — [X,] the fiber product Spec(R) xx,],4 Spec(R’) is also
equivalent to a scheme. By proposition we find an fpqc-cover ¢’ : Spec(S’) — Spec(R’) such that
g o ¢’ factors through Xy as in the following diagram

Y xx, Spec(S’) AN Spec(S”)

L | ™5
Spec(R) xx,] Xo =2Y ., Xo Spec(R')

l | [j]/

Spec(R) —_—
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From the previous diagram, we get that the outside square in the following diagram is a pullback. Hence,
by pullback pasting, all squares are pullbacks

Y xx, Spec(S) 7 Spec(S)

4
‘P”l La,
Spec(R) x|x,] Spec(R’) SECEN Spec(R')
| - |
Spec(R) — (X
By construction, ¢’ is faithfully flat and affine, by base change so is ¢”. In particular, by proposition
both are epimorphisms. As f” is a morphism between schemes it is tautologically representable. By
the second part of lemma, [fq is also representable. This implies that Spec(R) x[x,)Spec(R’) must be
equivalent to a scheme as it is equal to the fiber product Spec(R) x[x,] Spec(R') X 1, spec(r’),id SPec(R')
which is equivalent to a scheme by representability.
The second part follows by similar reasoning. Now we need to show that f, satisfies P assuming that
f does. By base change, so does f” and as P was fpqc-local on the target, i.e. satisfies faithfully flat
descent, it follows that f, satisfies P as claimed. O

We will mainly apply this corollary when P is (faithfully) flat or affine. The stack associated to a flat
Hopf algebroid is even nicer:

Corollary 1.39. The stack [Xe] associated to a flat Hopf algebroid (Xo, X1) is algebraic. In particular,
in view of remark[1.18, any morphism f : Spec(R) — [X,] is affine.

Proof. We claim that the canonical morphism ¢ constructed in remark is representable, faithfully
flat and affine. Hence, it can be chosen as a presentation for [X,]. Indeed, representabiltiy follows from
corollary and the fact that by construction the fiber product X x[x,)] Xo is equivalent to the affine
scheme X; (see remark. To get that c is faithfully flat and affine, by that same corollary, it suffices
to check that the base change of ¢ against itself is faithfully flat and affine. By remark this base
change is either the source or the target map. It is affine as a morphism between affine schemes and flat
by the definition of flat Hopf algebroids. It is faithfully flat by remark O

We have now assembled all the tools to prove the highlight of this section:

Theorem 1.40 ([18, Thm. 8]). There is an equivalence of 2-categories between the 2-category H of flat
Hopf algebroids as defined in definition[I.25 and the 2-category S of rigidified algebraic stacks constructed

in definition [1.17

Proof. We will only give the definitions of the needed functors on the objects as the extension of this
construction to 1- and 2-morphisms is technical. Moreover, unlike some details in previous arguments
which do not seem to be given in the literature, this extension is done in [I8], section 3.3] with great care.
We define a functor G : H — S given on objects by G((Xo, X1)) = ([Xs], Xo = [X,]). We have seen
in corollary that [X,] is an algebraic stack and in remark that the canonical presentation c is
affine and faithfully flat if (Xo, X;) is flat.

The inverse is given by the functor K : & — H which sends a rigidified algebraic stack (X, P : Spec(R) —
X) to its associated Hopf algebroid constructed in lemma This Hopf algebroid is flat because the
presentation is flat and, as the left and right unit are obtained as its base change, they are flat as well.

Let us check that (at least on the objects) these two functors are inverse equivalences. Observe that
K o G((Xo, X1)) = (Xo, Xo xX[x,] Xo0) = (X0, X1)
where the last isomorphism comes from remark On the other hand,
Go K((X,P:Spec(R) — X)) = [(Spec(R), Spec(R) x » Spec(R))].
For simplicity of notation, let us write

Xo := Spec(R), X1 := Spec(R) x x Spec(R)) and [X,] := [(Spec(R), Spec(R) x x Spec(R))].
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Recall from remark that P induces a morphism P : [X,] — X such that P = P oc. We wish to
argue that P is an isomorphism. For this, we will use that a 1-morphism of stacks is an isomorphism if
and only if it is an epunorphlbm and a monomorphism as stated in remark [I.8] As P was assumed to
be faithfully flat, proposition and remark [1.§] - give that P is an epimorphism. As P = Poc, P must
be an eplmorphlsm as well.

It remains to see that P is a monomorphism. Recall that this means that for every affine scheme U and for
all z1, 22 € Ob([X,](U)), the functor P(U) induces a bijection Lsomx j(z1,22) = Isomy (P(x1), P(x2)).
This will follow from the observation that Spec(R) x » Spec(R) is a pullback both for

Spec(R) Ry Y Spec(R)
(by definition) and for

Spec(R) % [(Spec(R), Spec(R) x x Spec(R))]] <= Spec(R)

(by remark [1.30)). Seeing it as a pullback along P, one sees that the elements of Spec(R) x x Spec(R) are
of the form (z,2’,v : P(z) = P(2')) with x,2’ € Ob(Spec(R)(U)) for some affine scheme U, but from
the second perspective they are of the form (z,2', ¢ : c(x) = c(2')). Asi: [Xo]" — [X,] is fully faithful,
any object of [X,]’ is in the image of can, ¢ = iocan and P = P o ¢, there must be the desired bijection.
More formally, by the universal property of stackification, it suffices to check that P’ is a monomorphism.
Abusing notation and writing z, 2’ for both x, 2’ € Spec(R)(U) and can(z), can(z’) € [X.]'(U), recall
from remark that Isomy,) (z, ') is the pullback in

Isomy,(z,2") ——— P

l l(pé opa,pHopPB)

U——Ff—— UxU
U

where P is obtained by pasting pullbacks as in the following diagram

P PB B p5 U
N T
A X4 Xo
JT
U—— Xo = [Xo]

On the other hand, Isom, (P’(x), P'(z')) fits in the following pullback diagram

Isom (P'(x), P'(2') — P

l l(pz‘}om,pgcms)
U — UxU

where P is obtained by pasting pullbacks

B

P

|

A X1 Xo

h |
[Xe

U

Xo

€T can

where all but the lower right squares are the same as in the diagram above. In particular, both P and
P are pullbacks of A — X; < B, hence they must be isomorphic. Then, Isom, (P’ (x), P'(z")) and
I somyy,] (z,z") are also both pullbacks of the same diagram and isomorphic as needed to be shown. [

19



Let us make the following warning.

Remark 1.41. The forgetful functor 4 : & — Stacks is not conservative. For example, it can
happen that for a flat Hopf algebroid (Xo, X1) the stack U([(Xo, X1)]) is equivalent to some scheme
Y = U([(Y,Y)]) without Xy nor X; being isomorphic to Y. An example of this phenomenon will
be given in theorem [3:43] Another example of two nonisomorphic flat Hopf algebroids with the same
underlying stack is explained in remark

It is true, however, that if the stacks U([(Xo, X1)]) and U([(Yo, Y1)]) associated to the flat Hopf algebroids
(X0, X1) and (Yo, Y1) are isomorphic, then these Hopf algebroids are weakly equivalent. This means that
there is a chain of 1-morphisms of flat Hopf algebroids from (X, X1) to (Yo, Y1) such that every one of
these morphisms induces an isomorphism on the associated (nonrigidified) algebraic stacks. This is [I8]
Prop. 9].

Despite this warning, in the sequel we will often write [(Xo, X1)] for the stack (and not the rigidified
algebraic stack) U([(Xo, X1)]) associated to the Hopf algebroid (Xo, X1). We trust that the reader can
deduce which one is meant from the context.

One consequence of this equivalence of categories is that it is easy to calculate the pullbacks of rigidified
algebraic stacks as we can calculate pullbacks of Hopf algebroids.

Remark 1.42 ([5, Ch. 4, Ex. 3.2]). One can show that in the category of flat Hopf algebroids, the

pullback of

(Xo, X1) Lo, (Zo, Z1) L) (Yo, Y1)

is given by the Hopf algebroid (Xo Xy, Y1 Xy, Zo, X1 Xv, Y1 Xy, Z1). By theorem and as equivalences
of categories preserve limits, this gives an easy way to compute the pullback of rigidified algebraic stacks;
namely compute the associated Hopf algebroid and the pullback will be the associated stack to the
pullback of Hopf algebroids.

But even more is true: we will show in remark that the forgetful functor introduced in remark
commutes with fiber products, so

U([(Xo Xy, Y1 Xy, Zo, X1 Xy, Y1 Xy, Z1)]) 2 U([(Xo, X1)]) Xu(((20,20))) U(([Yo, Y1)])-

As by corollary it often suffices to analyse a particular pullback to understand certain properties
of morphisms this observation will often prove useful. For example, f : U([(Xo,X1)]) — U([(Yo,Y1)])
is representable if and only if the pullback of f against the presentation ¢ : [(Yo,Ys)] — [(Yo,Y1)]
is equivalent to an affine scheme. By the previous observation, this pullback is given by the stack
U([(Xo Xy, Y1 Xy, Yo, X1 Xy, Y1 Xy, Yp]). In general however, it can be tricky to understand this
associated stack. In lemma we will encounter an explicit example of a nontrivial Hopf algebroid
whose associated stack is equivalent to a scheme.

Remark 1.43. Consider three presentations (i.e. objects in S), F' : Spec(4) — X, G : Spec(B) — Y
and F’ : Spec(A’) — X’ and suppose there are morphisms (o, ag) : F — G and (¢/,af) : F/ — G. Can
we find a description for the fiber product F xg F’? Form the following diagram of cartesian squares

R W P Spec(A)
| a |
J N SN YV N ¢

L=~k
Spec(A') —— X' Y.

’ ’
[e3%

We claim that H : R 25 P & x xy X’ is the fiber product F' xg F’. By pullback pasting and remark
R is equivalent to the affine scheme Spec(A ®p B ®p A’) where B is the ring such that Spec(B) =
Spec(B) xy Spec(B) which is an affine scheme by assumption. As F and F’ are presentations, by base
change also f, f’ and thus h and i’ are faithfully flat and affine. So H is a presentation. It remains to show
that it satisfies the universal property of the fiber product. Let F: Spec(S) — Z be a rigidified algebraic
stack with morphisms (8,80) : ' — F and (&',0,) : F — F' such that (c, ag) o (8,80) = (o, o) o (8", 50).
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Then, the universal property of X xy X’ gives the existence of £ : Z — X x5 X’ in the following diagram

’

Z 4
Sy

X —— )

The morphism &g : Spec(S) — R is obtained by the following diagram

Spec(S) .................... 56
PEERNGE 1) ‘
) s 14 / N /
R P Spec(A”)
h / lF’
do L %o
P Spec(B) X’
l ao T S~ la,
u L
Spec(A) I X - ™ y

The dotted square commutes by assumption, the two small triangles commute by the definition of
morphisms of rigidified algebraic stacks and &, exists as the outer square is a pullback. Thus, if (£, &) is
a morphism of rigidified algebraic stacks, i.e. commutes with the presentations, H satisfies the universal
property of the fiber product as claimed. The last point follows from another diagram chase, which
exploits that P and P’ are pullbacks.

Let us summarise some of the reasons why it is helpful to be able to think of rigidified algebraic stacks
as Hopf algebroids:

o As seen in remark [[.37] it becomes easy to compute pullbacks from affine schemes. Even better, as
explained in remark we have an explicit expression for the pullback of any span of algebraic
stacks. Notice that (fortunately, we would be in trouble otherwise) the expression found in remark
[1.37] coincides with the one of remark when identifying the affine scheme X with the stack
[(X, X)] as explained in remark

e Properties that are stable under base change and satisfy fpqc-descent such as flatness etc. can
be checked only against the presentation as seen in corollary Moreover, if the morphism
of which we want to determine the properties has an affine scheme as source, i.e. it is some
f : Spec(R) — [(Spec(A), Spec(I'))], then, by the computation in remark the question comes
down to determining if Spec(R®4T") — Spec(A) has the desired property. This then often becomes
a purely algebraic problem.

e Conversely, translating to stacks can transform a complicated algebraic problem into a more con-
ceptual geometric problem. We will see instances of this in the following section (prop. cor.
2.44)).

e Theorem [T.40] sometimes gives maps of stacks for free. As we will see in the following subsection,
in certain situations, it is easy to find morphisms of Hopf algebroids which we can transform into
morphisms of stacks.

e As will be discussed in the following subsection, one can associate Hopf algebroids and hence stacks
to nice enough spectra. Then, one can use algebro-geometric techniques to do topology.

1.3 Hopf Algebroids, Spectra and the Moduli Stack of Formal Groups

In this subsection, we explore the link between stacks and spectra. As algebraic topologists, we will
be happy to notice that for any nice enough homotopy commutative ring spectrum (E,n, u) the pair
(m«(E), Ex(F)) forms a Hopf algebroid:
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Definition 1.44. A homotopy commutative ring spectrum E is flat or of Adams type if E.(F) is flat

as a left 7, (E)-module i.e. the morphism 7, (S ® F) T (®E), m(F ® E) is flat.

Notation 1.45. From now on, we will usually write E, for the graded ring 7. (E).

Remark 1.46. Even though the left and right module structure might differ, asking for E,(F) to be flat
as left E,-module is equivalent to asking for it as a right F,-module. Indeed, m,(n @ E) = m. (7 0o E®n)
where 7 denotes the switch map. This is flat because the composition of flat maps is flat and m,(7) is
flat as it is an isomorphism. More precisely, the following diagram commutes:

SeE —"% . EpeoE

Example 1.47. e The sphere spectrum S is trivially of Adams type as S,(S) = S.

e Even though HF, (HF),) is more complicated (it is the dual Steenrod algebra), it is an IF,-vector
space and as such flat over F,, = m,(HF,). Hence, HF, is flat. More generally, for any field k, Hk
is flat.

e Recall that MU (MU) = MU,[b1,bo,...] with |b;] = 2i; see [19, Lem. 4.1.7.]. In particular,
MU,.(MU) is a free MU,-module and MU is of Adams type.

e As a special case of the future proposition [2.59] KU is flat.
e One can show that M Sp is flat; see [2| Lem. 28].
e It is well known that both HZ and M SU are not flat ([I9, after Prop. 2.2.6]).

Flatness of the spectrum is crucial because it is necessary for the following lemma to hold, which in turn
will be crucial for the definition of the diagonal map.

Lemma 1.48 ([19, Lem. 2.7.7]). If E is a flat spectrum, the composition

05 : T (E®E) @y, (5 (EQE) 5> m(E® EQ E@ E) ~28, 1 (E® E® E),

where the first arrow is induced by the exterior product, is an isomorphism.

Proof. We will show more generally that for any spectrum X there are natural isomorphisms

ox (X ®E) @y 5 m(EQE) 5 m(X @ EQ E@ E) 2228 1 (X @ E® E).

Naturality is clear as all the involved morphisms are functorial.

Consider the family of spectra Y such that ¢y is an isomorphism. Trivially, it contains ¢g and, as
tensoring with S amounts to shifting, it also contains S™ for all n € Z. As filtered colimits and direct
sums commute with m,(—), the family is closed under those. Hence, it remains to see that this family is
also closed under cofibers to argue it contains all spectra. So consider an arbitrary morphism of spectra
f X — Y and denote its cofiber by C. As the tensor product, being a left adjoint, commutes with
colimits, X @ F - Y ® E — C ® E is a cofiber sequence and yields a long exact sequence on homotopy
groups. The same holds for that cofiber sequence tensored with F once again. As F is flat by assumption,
this sequence remains exact when applying (—) ®pg, E.(F). By naturality, the following diagram with
exact rows commutes:

—> Tm(X®FEQE) —— 1 (YQEQE) —— mm(CREQE) — mm-1(XQE®E) »

wy,%T Pei ,%T WCT @XT

> (X ® B) @p, Eo(E) % mm(Y @ E) ®p, B.(E) 3 1m(C ® E) @5, E.(E)

One concludes by the five lemma that ¢¢ is an isomorphism as well. Specialising to ¢g gives the
statement of the lemma. O
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With this isomorphism at hand, we can define the Hopf algebroid structure on (E., E.(E)).

Corollary 1.49. Let (E,n,u) be a flat homotopy commutative ring spectrum. Then, (Ey, E.(E)) is a
flat graded Hopf algebroid with respect to the following maps:

o The left and right units np, g : 7«(E) = 7.(E ® E) are induced by applying n to the right or left
respectively.

e The counit € : m(FE ® E) = m.(E) is induced by the multiplication.

o The diagonal Y : 7. (EQFE) = 1 (EQE)®r, (5)T+(E®E) is induced by composing the morphism
m(E® E) Len®b, .(E® E ® E) with ¢5" from lemma .

e The conjugation i : m,(F ® E) — m.(F ® E) is induced by the switch map 7.

Proof. The proof consists of straightforward checks, mostly relying on the properties of the multiplication
and unit of a ring spectrum. For example that e o n;, = id is just unitality and functoriality. Details are
given in [2 Lecture 3]. O

Example 1.50. The flat Hopf algebroid (S.,S.(S)) is equivalent to the trivial Hopf algebroid obtained
from the ring S with all structure maps the identity.

A more interesting example is given by the Hopf algebroid (MU,, MU,(MU)). We will need the following
facts and definitions, with which we assume the reader to be familiar. We recall them for completeness.

Definition 1.51 ([19, Def. A2.1.1.]). A formal group law over a ring R is a formal power series
F € R][x,y]] such that:

e (unital) F(z,0) = F(0,z) = x,
e (commutative) F(z,y) = F(z,y),
e (associative) F(F(z,y),z) = F(z,F(y,2)) in R[x,vy, z]].

Unitality implies that any formal group law is of the form = + y + %, j>1a;52'y’ ai; € R ([19, Prop.
A2.1.3]). Moreover, one can show that any formal group law admits a formal inverse, i.e. a power series
i(z) € R[[z]] such that F(z,i(x)) = 0; see [19, Prop. A2.1.2]. There is a universal formal group law:

Theorem 1.52 ([I9, Thm. A2.1.8]). There is a ring L, called the Lazard ring, and a formal group law
F(z,y) = %, j>10;j2'y’, called the universal formal group law, defined over it such that for any formal
group law G over any commutative ring with unit R there is a unique ring homomorphism 6 : L — R
such that G(x,y) = i j>10(a;j)z'y’ .

This ring is easy to construct, it is given by L = Z[a;;|/I where I is the ideal generated by the relations
among the a;; so that the conditions of definition are satisfied. We introduce a grading on L
by setting |a;;| = 2(¢ + j — 1). By the previous proposition, the Lazard ring represents the functor
FGL : Rings — Sets sending a ring to the set of formal group laws over it. The Lazard ring is
(non-canonically) isomorphic to an even, infinitely generated polynomial ring:

Theorem 1.53 (Lazard, [19, Thm. A2.1.10]). L & Z[xy,2,...] with |z;| = 2i for i > 0.

Definition 1.54 ([I9, Def. A2.1.5.]). Let F' and G be formal group laws over R. A homomorphism
from F to G is a power series f(z) € R[[z]] with constant term 0 such that f(F(z,y)) = G(f(z), f(y)).
It is an isomorphism if it is invertible, i.e. if f/(0) is a unit in R, and a strict isomorphism if f/(0) = 1.

For a ring R, let I(R) be the set of triples (F, f,G) where F and G are formal group laws on R and
f: F — G is an isomorphism. Let SI(R) be the set of triples (F, f,G) where F' and G are as before
and f is a strict isomorphism. It is easy to check that I(—) and SI(—) define functors from Rings to
Sets that are represented by the rings W := L[bg, b1,ba,...] and LB := L[by,bs,...] respectively; see
[19, Prop. A2.1.15.]. We introduce a grading on them by setting |b;| = 2i.

Proposition 1.55 ([I9, Thm. A2.1.16)). The pair (L, LB) is a Hopf algebroid. The structure maps are
obtained thanks to the Yoneda lemma:

o The left unit g, : L — LB corresponds to the natural transformation SI(—) — FGL(—) sending a
triple (F, f,G) € SI(R) onto the source F of f. This is simply the inclusion of L into L[by,ba,...].
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e The right unit ng : L — LB corresponds to the natural transformation SI(—) — FGL(—) sending
a triple (F, f,G) € SI(R) onto the target G of f. Under the correspondence of theorem[1.53, this
is the map classifying the formal group law g(F(g~'(x),g7*(y))) where F denotes the universal
formal group law and g the power series x + by + bex? + - - € LB][x]].

e The counit e : LB — L corresponds to the natural transformation FGL(—) — SI(—) sending a
formal group law F to the triple (F,idg,F). This corresponds to sending all the b; to zero.

e The diagonalvy : LB LB — L corresponds to the natural transformation SI(—)xSI(—) — SI(—)
encoding composition of strict isomorphisms.

e The conjugation ¢ : LB — LB corresponds to the natural transformation SI(—) — SI(—) encoding
the inversion of isomorphisms.

Remark 1.56. The isomorphism L & Z[zq,z2,...] from theorem can be constructed in such
a way that the composite L 25 LB 4L Z[by,ba,...] sends x; to b; + terms of degree > 2. Here
q: LB~ Z[x1,2,...][b1,ba,...] = Z[b1,ba,...] is the quotient map. This is the content of [19, Thm.
A2.1.10, 2)].

The link between these facts and the spectrum MU will be made via the following lemma.

Lemma 1.57 ([19, Lem. 4.1.4]). Let E be a complex oriented homotopy commutative ring spectrum
with complex orientation xp.

1. B*(CP®) = E,|[z5]].
2. B*(CP® x CP®) = B,[[zp ®1,1® z5]].

3. Let p: CP*™ x CP*> — CP® be the H-space structure map. Then the element p*(xg) € E.[[x,y]]
is a formal group law over E,.

As MU is complex oriented, keeping the notation of the previous lemma, p*(x ) is a formal group law
corresponding to a ring homomorphism 6y : L — MU, by theorem This map is the key to the
understanding of (MU,, MU, (MU)).

Theorem 1.58 ([I9, Thm. 4.1.6, Thm. 4.1.11]). The map Opy, extended to LB — MU,(MU)
by mapping b; to bMY, gives an isomorphism of Hopf algebroids (MU,, MU,(MU)) = (L, LB) where
(L, LB) is the Hopf algebroid constructed in proposition .

The fact that )7y induces an isomorphism L = MU, is due to Quillen, the remaining statements are
due to Landweber and Novikov.

Now that we can associate a flat Hopf algebroid to a spectrum of Adams type, we would like to use the
equivalence of categories from theorem to construct its associated stack. However, we need to take
care because, for a given spectrum F, the ring F, is only graded commutative (i.e. it satisfies the Koszul
sign rule) and we cannot in general apply Spec(—) to it. We will deal with this by only considering even
spectra or the evenly graded part of E,.

When we wish to emphasise the fact that a ring A is graded, we will denote it by {A4;};cz. When it is
clear from the context, we will denote both the graded ring {A4,},cz and its ungraded counterpart &;A;
by A. We keep this convention throughout.

Corollary 1.59. To any even, flat homotopy commutative ring spectrum (E,n, 1), one can associate a
rigidified algebraic stack [(Ex, E«(E))]. We will usually denote its chosen presentation by ¢ : Spec(E,) —
(B, E.(E))].

Proof. The rigidified algebraic stack [(E., Fx(E))] is, as the notation suggests, constructed as the stack
associated to the Hopf algebroid (E., E.(F)) under the equivalence of categories of theorem More
precisely, given an affine scheme U, the objects of [(E., E.(E))](U) are triples

({U" = U},2' : U — Spec(E,), &12)

where U’ is an fpqc-cover of U and 12 descent datum. The morphisms of [(E., E«(E))](U) between
objects ({U’" — U},a’ : U' — Spec(Ey),&12) and ({U” — U}, 2" : U” — Spec(E.), &) are given by a
morphism U’ xy U” — Spec(FE,(F)) such that

U xy U” = Spec(E. (E)) 2, Spec(E,) = 'y v
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and
Spec(nr)

U’ XU U’ — Spec(E*(E)) E— SpeC(E*) — x//|U’><UU”
compatibly with the descent data. The presentation c is given by sending a morphism U — Spec(E,) €
Ob(Spec(E,)(U)) to the object (idy,U — Spec(E.),idy) € [(Ex, E«(E))|(U). O

The fact that this stack was constructed from a graded Hopf algebroid is remembered by the fact that it
admits an action of the group scheme G,,, = Spec(Z[u*]). Let us first explain how G,,,-actions correspond
to gradings on a ring.

Proposition 1.60. Given a commutative ring R, there is a natural one-to-one correspondence between
Gy -actions on Spec(R) and Z-gradings of R.

Proof. An action ® : G,, x Spec(R) — Spec(R) corresponds to a map ¢ : R — R® Z[u®] that is counital
and coassociative. More precisely, counitality of the action corresponds to the identity evy o ¢ = idg
where ev; : R[u™] — Ris defined by sending t to 1. Coassociativity states that (u®@R)o¢ = (Z[uT]|@p)o¢
where g : Z[u*] — Z[u*, s*] maps t to ts.

For i € Z, define R; := ¢~ '(R(u’)) i.e. R; is the preimage of the polynomials of the form ru’ € R[u®].
We claim that ¢ defines an isomorphism R & @;czR; with the summing map (ev;) as inverse. In
particular, the R; give a grading on R. As seen above, counitality of ¢ ensures that ev; is a left inverse
for ¢, i.e. that if ¢(r) = X;ezru’, then X;ezr; = r. Coassociativity ensures that for r; € R; it holds that
é(r;) = r;u® since it states that

(1®R)od(r) = (D R)(Ziczriu’) = Siczriu's’ = (Z[uF]@¢)od(r) = Siczd(ri)s' = Licz(Djez(ri) jul)s.

Matching the degrees gives that ¢(r;) = r;u’. Thus, ¢ o evy(Siezriu’) = Liezriu’ i.e. ¢ o evy = idpp,+]
as claimed.

Conversely, given a grading on R, i.e. some isomorphism a : R 2 @;czR; one gets the map ¢ : R — R[u¥]
as 7 — Sieza(r);u’. This is counital as r = X;eza(r); by construction and coassociative as a(r;) = r;
(in other words r; is homogeneous by assumption). It is straightforward that these two constructions
are inverses. O

Example 1.61. The grading that was arbitrarily introduced on the Lazard ring after theorem [I.52] is
more natural from this perspective. It is the one corresponding to the G,,-action on Spec(L) by sending
a pair (r, F(z,y)) € G,,(R) x Spec(L)(R) = R* x FGL(R) to the formal group law 7F (r~tx,r~1y).

By the previous proposition, a commutative, graded, flat Hopf algebroid (A,I") corresponds to a Gy,-
action on Spec(4) and a G,,-action on Spec(I') which are compatible with all the structure maps as
these were graded maps. By the equivalence of categories of theorem these actions induce a map
of stacks [(Gn, G )] X [(Spec(A), Spec(T"))] — [(Spec(A), Spec(I"))] which is the G,,-action on the stack
that was announced above.

Another way to remember the grading of a Hopf algebroid (A,T") while working with ungraded objects
is by encoding it into I' as described in the following lemma. This approach will prove to be very useful
in the next section.

Lemma 1.62. There is a functor U : evenly graded Hopf algebroids — (ungraded) Hopf algebroids
sending ({As;}jez, {Tar}rez) to (®;Az), (BT ar)[u*]).

Proof. The structure maps are defined as follows:

=10 n(LA’F) where i denotes the inclusion T' < I'[u*] and n(LA’F) is to be understood as
@jnéAj T3) We keep this notation throughout.

A,I“ui
o AT

Al[u® lal (AT
o iV a) = wE i (a).
o ((ATLT) . I'[ut] — A is defined by G(A’F[ui])h‘ = ¢4 and mapping u to 14.
o c(AT™)) ['[u*] — T[u*] is defined by c(AI[“i])('y) =y eAn () for v € I' and mapping u to
-1
u™ .

o PATT]) Tu®] — T[vE] @y, 4, Dlw*] is defined by ’(/J(A’F[ui])‘r(gmr = ¢ and mapping u
to v ® w.
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One checks that these maps define a Hopf algebroid structure on (A, T'[u™]) because they were constructed
from the structure maps of (A,T"). For example, for a € A,

ut A,D[u® ut lal (4, _lal lal A, A, AT [u*
AT opf b @) = AT F gD (0)) = B A (0) = D () = T (w),

hence c(AT*]) o ng{‘ﬂ“i]) = UEA’F[uiD. The other identities are shown similarly.

A morphism of Hopf algebroids (fi, f2) : (A4,T) — (A’,T") gets mapped to (fi, fo[u]) : (4, Tut]) —
(A, T'[u*]) where fo[u] is fo on I' and sends u to u. This construction is clearly a morphism of Hopf
algebroids and functorial. O

Example 1.63. The Hopf algebroids U(MU., MU,(MU)) is isomorphic to (L, W) where W 2 LB[u¥]
is the ring representing (nonstrict) isomorphism of formal group laws introduced after definition m
The structure maps are as described by lemma and proposition [I.55

From the proof of corollary [1.59] it is not clear at all what the stacks [(E., E.(E))] and [(E,, E.(E)[u*])]
represent geometrically. This problem was already addressed shortly after the proof of theorem [I.32}
For example, we know that the objects in [(MU,, MU.(MU))](Spec(R)) that are in the image of
i (MU, MU (MU))]" = [(MU,, MU,(MU))] as defined in theorem correspond to morphisms
MU, 2 L — U i.e. they are formal group laws over R. But what about all the other ones, those that
are not in the image of 7 In this particular case, we get lucky as there is already a stack that was de-
fined geometrically whose objects are candidates for answering this question:the moduli stack of formal
groups for (L, W) and the moduli stack of formal groups and strict isomorphisms for (MU,, MU,(MU)).

Before we can define the stack that will be associated to MU, we need to introduce formal groups. They
should be some sort of object that locally resembles a formal group law and satisfies effective descent.
We begin by observing that a formal group law F' over a ring R defines a functor Gp : Aﬂ’g’; cc(R) Ab
by sending an R-algebra A to its set of nilpotent elements with group structure given by a +b = F(a,b).
As a,b € Nil(a), F(a,b) is a well-defined element despite F' being an infinite power series. The axioms
defining a formal group law ensure that this does define an abelian group structure. Notice that endowing
A with the discrete topology and R|[[t]] with the (¢)-adic one, the set of nilpotent elements of A is also
picked out by the functor Spf(R[[t]) := AL : Affg’;ec(R) — Sets that maps A to Homs(R][t]], A). Tt
thus seems reasonable to define a formal group to be a functor F : Aff°? — Ab that is locally of the form
Spf(R[[t]), i.e. locally a formal group law. If we want it to satisfy effective descent, we should also ask

for it to be some sheaf. This is what we do.

Definition 1.64 ([I6, Def. 3.7]). A formal group over an affine scheme Spec(R) is a Zariski sheaf
F o Afg gy — Ab such that there exist a Zariski open cover {U; = Spec(R;)}; of Spec(R) such that

F

(R) A
v, is equivalent to Aj, .

Definition 1.65. A formal group F' over R is coordinatizable if it is isomorphic to A}Q

Remark 1.66. This is a general construction: Let R be a ring, I an ideal of A and equip A with the
minimal topology such that all I"™ are open and which is closed under translation. We define the formal
spectrum of (R, I) as the presheaf Spf(R) : Aff°? — Sets sending a ring B endowed with the discrete
topology to the set Homts(R[[t]], A).

We can now define the moduli stack of formal groups.

Definition 1.67. e The moduli stack of formal groups Mpg is the stack which associates to an
affine scheme Spec(R) the groupoid M gg(Spec(R)) whose objects are formal groups over Spec(R)
and whose morphisms are isomorphisms of formal groups.

e The moduli stack of formal groups and strict isomorphisms M%, is the stack which associates to
an affine schems Spec(R) the groupoid M%.(Spec(R)) whose objects are pairs (F, ) with F a
formal group over Spec(R) and « an isomorphism from F to A}%, i.e. its objects are coordinatizable
formal groups with a chosen coordinate. Its morphisms are isomorphisms of formal groups which
respect this isomorphism in an obvious way; see [I8] Sec. 6] or [15, Prop. 7, 2)] for a more geometric
interpretation.
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From this definition, it is very unclear why M pq defines a stack for the fpqc-topology. While it seems
believable that isomorphisms of two given formal groups assemble into a sheaf, i.e. that the first condition
of definition is satisfied, the second condition is difficult to prove. In the literature, there are essen-
tially two approaches to this problem. In [6], Paul Goerss defines formal groups a little bit differently,
specifically so that they “evidently satisfy the effective descent condition necessary to produce a moduli
stack”. More precisely, he defines formal groups as group objects in the category of formal Lie varieties
with the additional property that their conormal sheaf is locally free of rank 1 (see [6, Def. 2.2]). With
this at hand, the proof that the moduli stack of formal groups is a stack [6l Prop. 2.6] comes down to
the facts that isomorphisms between formal Lie varieties form a sheaf ([6l Lem. 1.34]) and that in formal
Lie varieties there is always a unique solution to descent problems ([6, Lem. 1.35]). Both these lemmas
are shown by exploiting the definition of formal Lie varieties. From this approach, showing that M pg
is a stack is not so hard, but one would still have to argue why the formal Lie variety definition matches
the usual definition of formal groups. This is some work.

In [I8, Sec. 6], Niko Naumann has a different approach. He defines M p¢ as some substack of the stack
of commutative group objects in the stack of formal schemes. The stack of formal schemes is defined as
the functor classifying formal schemes. To argue that this forms a stack, Naumann refers to [23], where
it is argued between the lines that the stack of formal schemes is a stack by showing that faithfully flat
descent arguments carry through to the formal setting ([23] Prop. 2.70, Rmk. 4.52]). More precisely,
Mg is the substack consisting of objects that are fpgc-locally isomorphic to the formal scheme (Al, 0)
as pointed formal schemes. Knowing this, it is clear that M%,, is a stack as well, as it can be identified
with a G,,-torsor over Mpg as explained in [I8, Sec. 6]. Here, we will not say more about this and
accept the fact that they all define stacks.

Now, one can wonder whether these stacks are algebraic and, if so, what Hopf algebroids they correspond
to. Observe that M pg admits a canonical morphism ¢ : Spec(L) — M p¢ classifying the universal formal
group under the identification of remark An analogous morphism ¢* exists for M#%,. This is a good
candidate for a presentation.

Proposition 1.68. The moduli stack of formal groups Mpg is algebraic. Moreover, the morphism
¢ : Spec(L) = Mpq classifying the universal formal group is a presentation and (MFpg,c) is equivalent
to [(L, W)] under the equivalence of theorem[1.40,

The analogous statement holds for M%, in particular (M%.q, P®) = [(MU,, MU, (MU))].

Proof. We need to show that ¢ : Spec(L) — Mp¢ is affine and faithfully flat and that the fiber product
Spec(L) X pmpe Spec(L) is equivalent to Spec(W).

For the first, we need to argue that the base change of any morphism f : Spec(R) = Mpg against ¢
is affine and faithfully flat. First, assume that f classifies a coordinatizable formal group and denote
its associated formal group law by F. Let Spec(B) be some affine scheme. By definition, an element in
Spec(R) X pmpe Spec(L)(Spec(B)) is a triple

(9:R—B,g':L— B,¢: f(g) ic(g’)).

This data is equivalent to the datum of a morphism g : R — B and an isomorphism ¢ : ¢*(F) — G
of formal group laws over B, where G is any formal group law on B (it corresponds to ¢’). From the
description of isomorphisms of formal group laws, we know that ¢ is just some formal power series with
coefficients in B, zero constant term and invertible linear coefficient. Hence, the datum (g : R — B, ¢)
is precisely a morphism ¢” : R[al, a1, az,...] — B ie. an element in Spec(R[aT,a1,az,...])(B) (the
morphism g corresponds to ¢”|z and the image of a; determines the i*" coefficient of ¢). Summing up,
we have shown that Spec(R) X pmp Spec(L) 2 Spec(R[aZ, a1, as,...]) and in particular that the base
change of f along P is faithfully flat and affine.

Now, let f' : Spec(R') — Mpg be a general morphism. By definition, every formal group is locally
coordinatizable. In particular, there exists Spec(R) and an open immersion ¢ : Spec(R) — Spec(R’) such
that f’oi classifies a coordinatizable formal group. Now one argues, as usual, from the following diagram
using that faithfully flat and affine satisfy Zariski descent and that ¢’ has both these properties by the
previous paragraph, to conclude that ¢’ satisfies them as well

Spec(R[a(T,al,ag,...]) —— Spec(R') X mpe Spec(L) —— Spec(L)

c”l ’ c/l J lc
Spec(R) - Spec(R’) — Mpa.
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Hence, (Mpg,c) is a rigidified algebraic stack. By the same argument as above,
Spec(L) X mpg Spec(L) = LiaT, ay,ag,...] = W.

Finally, the proof of theorem m gives that (Mpg,c) is equivalent to the associated stack of the Hopf
algebroid (L, W).

The argument for M#%- is analogous except that now the pullback classifies strict isomorphisms i.e.
Spec(R) X pms,, Spec(L) = Spec(R[a1, az, . ..]). This is still faithfully flat and affine over Spec(R). More-
over,

Spec(L) X s, Spec(L) = Llay, ag, ...] = MU(MU).

Thus, by theorem %a 2 (MU, MU,(MU))| as claimed; for details see [I8, Thm. 34]. O

Remark 1.69. It is because of this example that we defined an algebraic stack as only having a faith-
fully flat and not a smooth presentation, unlike what is often required in algebraic geometry as discussed
in remark For Spec(L) — Mpg to be smooth, is equivalent to requiring the left or right unit
Spec(W) — Spec(L) to be smooth, in particular of finite type. But W is an infinitely generated polyno-
mial ring over an infinitely generated polynomial ring and hence the units have no chance to be of finite
type.

For a general flat ring spectrum, it is very difficult to get a geometric description of its associated stack.
As the proof of proposition [1.68| shows, if we have guessed a candidate for the geometric interpretation,
it is not so hard to show it is the right one. However, guessing the candidate is complicated. In this
case, we were only able to do so because we had a good understanding of the geometric interpretation of
Spec(L), were able to calculate MU, and had the tools to show that M pg was a stack in itself, without
seeing it as associated to some Hopf algebroid.

Remark 1.70. In the proof of proposition [I.68] we have used that any formal group is coordinatizable
up to a Zariski (hence fpqc) cover. This is the geometric analog to the statement of proposition that
any morphism from an affine scheme to the stack [(Xg, X1)] factors locally through Xj. In particular,
this shows that if the stack [(E., F.(F))] associated to some flat ring spectrum E was a moduli stack of
something, this something must be objects that are locally isomorphic to those represented by Spec(FE.).
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2 Constructing Spectra

In this section, we attempt to construct homology theories from flat maps over a stack associated to
some spectrum. The method generalises the approach taken in [15, Lect. 15, 16] to prove the Landweber
exact functor theorem. Most of the results here are a rephrasing of the results in that reference to
this more general setting. We have added a lot of detail and given special care to the grading issues.
In subsection [2.1, we begin by further formal considerations to extract homology theories out of the
formalism surrounding stacks. Then, in we specialise to the case of the moduli stack of formal
groups in which Landweber gave a verifiable criterion of the previous formal considerations. Subsection
[2:3]is devoted to the proof of the Landweber exact functor theorem and in subsection [2.4] we apply the
newly acquired knowledge to give a criterion for a map to be flat over the stack associated to P(n).

2.1 Formal Considerations

Throughout this section, we fix some even homotopy commutative ring spectrum of Adams type E.
From a graded ring homomorphism f : E, — R, we would like to recover a homology theory. A naive
try would be to consider the functor hy : hSp — Ab X — E.(X) ®g, R. Here we have used that E,(X)
is always a graded F,-module and R is seen as E,-module via f. The tensor product is that of the
category of graded rings. We will denote it like the tensor product in Rings, hoping that it is clear from
the context which is meant.

Lemma 2.1. With the notations as above, if the functor — ®g, R : grE.Mod — grAb is exact, the
functor hy defines a homology theory.

Proof. As E,(—) is a homology theory, hy is automatically homotopy invariant and satisfies the wedge
axiom. It remains to see that hy takes fiber sequences to long exact sequences. Consider a fiber sequence
X —-Y — Z — X][1]. As E,(—) is a homology theory, the sequence

E.(X)—= EY) = E.(Z) = E«(X[1]) = Ei1(X)
is an exact sequence of graded E,-modules, i.e. it is exact in all degrees. By assumption, the sequence
E.X)®g, R— E.(Y)®g, R— E.(Z)®p, R— E.(X[1]) ®p, R
is an exact sequence of graded abelian groups. In particular, the sequences
(Bx(X) @5, R)n = (E«(Y) @5, R)n = (Ex(2) @5, R)n — (E.(X[1]) @5, R)n
are exact for all n. Combining this with the observation that
(E.(X[1])) ®@p, R)n = (B1(X) ®@p, R)yn = (E(X[1]) ®E, R)n—1
yields the desired long exact sequence
= (B(2)®p. R)nt1 = (B (X)®p, R)n = (E«(Y)®p, R)n = (Eu(2)05, R)n = (E(X)Qp. R)n1 — .
O

However, in general the functor — ® g, R is not exact.

Example 2.2. 1. Tt is easy to cook up some examples where cofiber sequences are not carried to long
exact sequences for E = HZ. Consider for example the cofiber sequence RP! — RP? — RP?/RP!
and f : Z — Z/2 the quotient map. The cofiber sequence gives rise to a long exact sequence

0 = Hy(RP?) —— 7 = Hy(RP?/RPY) —2 7 = H|(RP') —— Z/27Z — 0 —— ...

Clearly, this sequence does not remain exact when applying (—) ®z Z/2Z. However, one could
argue that this is not a good example as HZ is not of Adams type. So let us examine another case.

2. Let E = S be the sphere spectrum and n : S — HZ/2Z the unit map of the Eilenberg-Mac
Lane spectrum HZ/2Z . Consider the graded ring map f := m.(n) : 7 (S) — 7. (HZ/2Z). As
m«(HZ/2Z) is concentrated in degree 0, this map is zero in all nonzero degrees and it is the quotient
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map Z — Z/27 in degree zero. In particular, by definition of the graded tensor product, for any
spectrum X it holds that (S.(X) ®x, (s) Z/2Z)n = Sp(X) ®z Z /2.

Consider the cofiber sequence S -3 S — S/2. Recall that mo(S/2) & Z/4Z. The cofiber sequence
yields the following long exact sequence on homotopy groups (S-homology):

. —— m(S) = 2/27 =2 7)27 —— LJAZ = 5(S/2) 7,)27, —2

However, the sequence

. (S(S) ®n.(8) Z/2Z)2 > (Su(S) On. () Z/2L)2 — (S(S/2) O, () Z/2Z)2 — (S«(S) @y (s) Z/2L)1 > ...

is not exact since, by the above discussion,
(Sx(S) ®r,(s) Z/2Z)2 = L/2Z R L/2Z = |27 = (S+(S) ®x.(s) Z/2)1,
(S4(S/2) ®r,(5) Z/2Z)2 = L/AL @ L[2Z = L./ 2Z

and Z/2 cannot be an extension of twice itself.

Of course, if f is a flat morphism, h; will preserve exact sequences. For example, when £ = HF, or
more generally Hk for k any field, hy will always be a homology theory as all modules over a field are
flat. On the other hand, the existence of f : E, — R forces R to be a k-vector space, so the homology
theories we obtain will not be very interesting. By the universal coefficient theorem, hy will only be of
the form H,(—,®;k). Moreover, in general, requiring flatness of a map is quite restrictive:

Proposition 2.3 ([22, Tag 00HD)]). An R-module M is flat if and only if, for every finitely generated
ideal I C R, the map I @ g M — M 1is injective.

For example when ' = MU, we would need R to be flat over the Lazard ring L, an infinitely generated
polynomial ring. In view of proposition this would imply that R itself is infinitely generated as for
each n the morphism (z1,...,2,) ® R —» R, z ® r — f(z)r must be injective, so, setting » = 1, f must
be injective.

Hence, we wonder: is there a more general criterion for when the functor hy sends fiber sequences to
long exact sequences? The key is to have another intense stare at our construction and to observe that
E.(X) has more structure than just that of an E.-module, it is a so-called (E., E\(F))-comodule.

Definition 2.4. Let (A,T) be a Hopf algebroid. A right (A, T')-comodule is a right A-module M together
with a right A-linear map p: M — M ®4,, I' that is counital, meaning that (M ® €) o p = idps, and
coassociative i.e. (M @¢Y)op=(p@T)op.

There is an obvious analogue for left (A,T')-comodule.

If (A,T) is a graded Hopf algebroid, one can make sense of a graded (A,T)-comodule. This is a graded
A-module M such that the map p is graded (now the tensor product is graded as well).

Proposition 2.5 ([I9, Prop. 2.2.8]). Let E be a spectrum of Adams type. Then E-homology is a functor
to the category of graded (E., E.(FE))-comodules.

Proof. In the proof of lemma [1.48] we constructed, for all spectra X, a natural isomorphism
ox  E.(X)®p, Ex(E) > m (X E®E).
Let ng denote the unit map of E. One checks that the map

—1
px 1 Bu(X) = m (X ® B) 222228, 1 (X @ E® E) 2% E,(X) ®p, E.(E)

is graded, counital and coassociative and endows E, (X ) with the desired comodule structure. This is an
analogous argument to that of for details see the discussion and reference given there. By naturality,
this construction is functorial. O

Hence, to understand when the assignment X +— FE,(X) ®p, R defines a homology theory, we need to
answer the following question:

Question 2.6. Given a graded ring map f : F, — R, when is the functor —®p, R : gr(Ex, Ex(E))comod —
grAb exact?
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The answer will have a nice phrasing in terms of stacks. In order to make sense of this interpretation
however, we first need to get rid of the graded categories. This is a step that is usually glossed over in
the literature. We present the details to ideas hinted at in [I6l Sec. 4]. For this, we will work in the
generality of evenly graded Hopf algebroids.

Proposition 2.7. Let (A,T) be an evenly graded Hopf algebroid. The functor U from lemma in-
duces an equivalence of categories between the category of evenly graded (A, T")-comodules and (ungraded)
(A, T[ut])-comodules.

For the proof, we need the following easy lemma.

Lemma 2.8. Let A = {A;}jez be a graded ring and let M = {M;}icz and T' = {T'x}rez be graded
{A;};ez-modules. Then there is an isomorphism ©pez(M&aT), = (BiezM;) ®@,cz; (Brezl's) where
® denotes the tensor product of graded rings.

Proof. By definition (M &), = @iip=nM; @7 T1/(am @ v —m @ ay | |a| + |m| + |y| = h). Observe
that the ideals
(am @y —m®ay | a € BjezA; m € SiezM;, v € Brezls)

and
(am @~y —m®ay | a € A; for some j, m € M; for some i, v € I'y, for some k)

coincide as the second is generated by a set of generators for the first. Thus
(@iezM;) @g;cpn; (Orezl'y)

= (@iGZMi) X7 (@kezl“k)/wm @Y —m®ay | a € @jeZAj m € ®iezM;, v € @kezrk>
= (®iczM,;) ®z (Brezl's)/{am @ v —m Q@ ay | a € A; for some j, m € M, for some i, v € I'y, for some k).

Reordering the terms and pulling out the sums one gets
(BiezM;) ®a;cza; (Brezls) = Onez(®itk=nM; @z I'r/{am @ v —m @ ay | |a| + |m| + [y = h)).
The left hand side is precisely @©pez(M®aT)y, which proves the lemma. O

Proof of proposition[2.7 First we simplify indexing via the equivalence of categories between the cat-
egories of evenly graded (A,I')-comodules and that of commutative graded (A, T')-comodules given by
multiplying and dividing the degree by 2. By category of commutative graded (A, I')-comodules we mean
the category whose objects are graded (A, T')-comodules which are strictly commutative and not in the
graded sense. We will denote it by Cgdd(A,T")comod.
We define a functor

F : Cgdd(A,T)comod — (A, T[ut])comodules

on objects as follows. Let {M;};cz be a commutative graded ({4;};, {T'x}x)-comodule. Then, set
F({M;}iez) = ®&:M;.
To see that this is a (9, A;, (BxI'k)[uT])-comodule, we need to describe the map
P, » DM = (BiM;) @, ;) (Brlk) [u™).

By lemma there is an isomorphism (®;M;) ® (g, a,) (@rTp)[ut] = (Or(M&AT)L)[ut]. As {M;}icz
is a commutative graded ({A;};, {T'k}xr)-comodule, there is a counital map p; : M; — (M&aT');. Define
P, M, as the map characterised by mapping m; € M; to pi(mi)ui. This is counital by construction as p;
is. On morphisms, F' is also given by taking direct sums and one easily verifies that this construction is
functorial.

Conversely, let us define the functor

G : (A, T[ut])comod — Cgdd(A,T)comod.

Given a (@;A;, (©xTx)[u*])-comodule M, define

G(M); :== PE((M O(@;4;) (@rTx)) (u')).
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To define the morphism pg 7). : G(M); = (G(M)&4T);, we need to use the fact that M = @;G(M);.
We will show this at the end of the proof when showing that G o F' > id(4 rju=])comod; the isomorphisms
are given by a and /3 defined there. Using this and lemma [2.8] again, we have

pir : G(M)i = (M @@, 4,) (@1T%)){u’) = @4 (G(M)@T)(u')

which we can postcompose with the projection to (G(M)&AT'); extended by sending u® to 1 to define
PG (ar),- Doing this for all i € Z defines an evenly graded (A,I')-comodule G(M) (exploiting the fact
that py; is counital). Again, one easily verifies that this is functorial.

These functors define an equivalence of categories. Given an evenly graded ({4;};,{I'x}x)-comodule
{]\41‘7 pi}i€Z7 it holds that

G o F({Mi}icz) = {pga, (®:iM;) @@, a,) (©xT) (u') }i-

By construction, '
P, (BiM;) @@, 4,) (BrTk) (') = p; ' (M&AT);) = M;
as desired. It is easy to check from the definitions that the comodule structure also remains the same
and thus Go F' = ingdd(A,I")comod‘ _ _ ~
For a (& A;, (®,I'k)[u*])-comodule (M, p), observe that Fo G(M) = @,{p~ (M ®4 T'(u’))}. We claim

that this is naturally isomorphic to M. Define

o: M — @{p_l(M ®4 T (u'))} by a(m) = (idy @ €40 (p(m);));

where p(m); denotes the coefficient of u® in p(m). This is well-defined if
idr @ €40 (p(m);) € o~ (W @4 T(u))

which is ensured by coassociativity. Indeed, coassociativity (used in the third equality) implies that for
me M,

(p @ T[u]) o p(m) = (p @ T[u*])(Timiu’)
= %ip @ Dlu®](my)u’
= (idas @ V1)) 0 p(m)
= % (idy @ ) (my o'l
Matching the degrees, one finds that
p @ idppz)(mg) = (idy @ ) (m'.

As p®4 idp endows M @4 T with a (A, T[u*])-comodule structure and id; ® ¢ is then a morphism
of (A, T'[u*])-comodules, the following diagram commutes:

M@APMZ\Z@AF[UH@AF

idM@G(A’F)l lidch@,;r[vi]@em’r)
M®@aA —F5— MesThE]
Thus,
p((idpar@e) (p(m);)) = (idyyg s @€)o(p@idr) (p(m):) = idyyg s @€(idar@p ™ (p(m)i)v*) = p(m) v’

as needed for well-definedness. 3 ‘ 5
We conclude by constructing an inverse to a to prove the claim. Let 8 : ©;{p ' (M ®4 I'(u'))} — M
denote the summing map. Counitality of p and linearity of all the involved maps gives that

Boa(m) = (idy @A) o p(m) = m.
To show that a0 3 = id@i{f’fl(idM@AF(“i))}’ observe that for an element (mi)i € @i{pil(M ®A F<u1>)}
it holds by definition that p(m;) = m;u’ for some m; € M@4T. In particular, p(3;m;); = m,. Hence,
ao B((mq)s) = (idy @ ) (p(Lima):) = (idy; @ /D) (p(my)))s = (ma)s

where the last equality is by counitality. One verifies that this isomorphism is natural and compatible
with the comodule structure. Hence, F' o GG is naturally isomorphic to id 4 rju+])comod- O

32



Thus, going back to question we can see any graded (E., F.(F))-comodule M as two ungraded
(E., E.(E)[u*])-comodules Meye, and M,gq corresponding to the evenly and oddly graded parts of M.
Then, it suffices to understand exactness for these two.

The category of ungraded (E,, E. (E)[u™])-comodules has a nice interpretation in terms of certain sheaves
on the associated stack. The precise statement is proposition[2.13] Before stating it, we need to introduce
those sheaves. We present this in the general setting for an algebraic stack X with presentation P :
Spec(A) — X and associated Hopf algebroid [(A,T")]. We will keep this notation throughout the section.

Definition 2.9 ([I5, Lect. 15, Def. 1]). A quasi-coherent sheaf on X is a rule which specifies, for every
morphism 7 : Spec(R) — X, an R-module M (n). This rule is required to be functorial in the following
sense: given a homomorphism f : Spec(R’) — Spec(R) and n’ : Spec(R’) — X such that no f ~ 7', we

~

have a canonical isomorphism M (') = M(n) ®r R'.
We denote the category of quasi-coherent sheaves on X’ by QCoh(X).

Remark 2.10. A quasicoherent sheaf F is entirely determined by its values on morphisms
x : Spec(S) — Spec(A) RNy

that factor through Spec(A). Indeed, by proposition for any morphism y : Spec(R) — [(A,T)] there
exists a faithfully flat cover f : Spec(S) — Spec(R) such that y o f factors through Spec(A4). The value
of F(y) is then defined by F(z) and quasicoherence.

Evaluating quasicohenrent sheaves over X’ at a map ¢ : Spec(R) — X defines a functor
q* : QCoh(X) — QCoh(Spec(R)) = Modg.

This functor has a right adjoint ¢, : Modgr — QCoh(X). In concrete terms, for an R-module N, ¢.(N) is
the quasi-coherent sheaf on X defined on morphisms p : Spec(S) KN by the formula ¢.(N)(p) = N®rB,
where B is given by the pullback
Spec(B) —=— Spec(S)
b

Spec(R) ———— X

The S-module structure on ¢.(N)(p) = N ®g B is induced by mg. By remark this suffices to define
g« (N).

Remark 2.11. If g factors through P, there could a priori be two A-module structures on ¢.(N)(P) =
N®rB =N ®rR®a,s I coming from the source and target maps between A and I'. It is important
that we apply the above construction carefully and endow ¢.(N)(P) with the module structure coming
from 74, i.e. the map that we did not use to tensor over. More about this subtlety is explained around

remark 2.25

Spec(R®a ¢ T') — Spec(I') —-— Spec(A)
r| | I
Spec(R) — Spec(A) - X
q

Definition 2.12. A sequence of quasicoherent sheaves on X is called exact if it is exact when pulled
back to A via P*.

The quasicoherent sheaves on X correspond to comodules on its associated Hopf algebroid.

Proposition 2.13 ([8, Thm. 2.2]). Let (A,T) be an (ungraded) Hopf algebroid. There is an equivalence
of categories between (A,T')-comodules and quasicoherent sheaves over [(A,T)].

Proof. We only give the construction and the main ideas to define the structure maps. For a detailed
proof see [8, Thm. 2.2] and [7, Ex. 1.12]. Let M be an (A,I')-comodule. By remark to define a
quasicoherent sheaf Fj; associated to M, it is enough to give its values on morphisms z : Spec(S) —
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Spec(A) 2% [(A,T)] that factor through Spec(A). Given x : Spec(S) — [(A,T')] factoring through
Spec(A), we define Fps(x) := M ®4 S. To define the structure maps witnessing quasicoherence, observe
that a 2-commutative diagram
Spec(S) —— [(A,T)]
T I
Spec(R).

with z, y both factoring through Spec(A) yields the dashed arrow ¢ in

Spec(S) BEIN Spec(R) .

Spec(I') —— Spec(A)

l l

Spec(A) —— [(A,T)].

)

This diagram corresponds to

In particular, this gives rise to a morphism « in the following diagram:

Now, we define the structure map Fas(R,y) — Fu (S, ) as

RoaM 5 Ros MoaT 22 So, M
which induces the desired isomorphism Fps(R,y) ®r S — Far(S, z).
Conversely, given a quasicoherent sheaf F over [(A,T')], one obtains an A-module

M := F(ean : A — [(A,T))).

This has an (A, T')-comodule structure via the composition M — M ®4,,, I' >~ F(can o s) ~ F(can ot)
where the first equivalence is quasicoherence and the second comes from the fact that canot and canos
are isomorphic. It is shown in [8 Thm. 2.2] that this makes M into an (A,T)-comodule.

We roughly check that these two constructions are inverses. The reader is invited to refer to the references
to see that the structure maps also agree. Given an (A, T')-comodule M, observe that Fps(can) = AQ s M.
For a quasicoherent sheaf G, it holds that

FG(can)(x : Spec(R) — [(A,T)]) = R®a G(can) ~ G(can o ) = G(x)
where the last equality comes from quasicoherence. O

Remark 2.14. There is another more conceptual approach to the proof of this proposition which uses
the fact that the presentation Spec(A) — [(A,T')] is affine, hence quasicompact and is thus of so-called
effective cohomological descent (see [13, Thm 13.5.5,i] for a definition and a proof). One can show that
this implies that P* induces an equivalence P* : QCoh([(A,T)]) — {Mod(O4) + descent data } (see
[18, Sec. 3.4]). Given an A-module M, this descent data is an isomorphism « : s* (M) — t*(M) which by
adjunction corresponds to some map ¢; : M — s,t*M. This is precisely the structure map constructed
in the previous proof.
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Now going back to the setting of question by construction, for the quasicoherent sheaf F4 corre-
sponding to a (E,, E.(F)[u*])-comodule 4, it holds that f*(F4) = A®g, R. Moreover, by the definition
of exactness in QCoh([(Ex, E.(E))]), a sequence of (E,, E.(E)[u*])-comodules is exact if and only if the
corresponding sequence of quasicoherent sheaves is exact. Hence, to answer question [2.6] it suffices to
find a criterion under which exactness of the functor f* : QCoh([(E., E.(E)[u*]]) — Ab is guaranteed.
Exactness of f* will be related to the concept of flatness of quasicoherent sheaves which we introduce
now, again in the broader generality of the algebraic stack X.

Definition 2.15. A quasi-coherent sheaf M on X is (faithfully) flat if, for every 7 : Spec(R) — X, the
R-module M(n) is (faithfully) flat over R.

Let us recall a few basics from commutative algebra:

Lemma 2.16 ([22, Tag 00HI|). Let M be an R-module and consider a ring map f : R — S. Then, if
M is (faithfully) flat, M @ S is a (faithfully) flat S-module.

Lemma 2.17 ([22], Tag 00HJ]). Let R — S be a faithfully flat ring map. Then an R-module M is flat
if and only if M ®r S is a flat S-module.

Lemma 2.18 ([22, Tag 0584]). Let R be a ring. Let S — S’ be a flat map of R-algebras. Let M be a
module over S and set M' =S’ ®g M. Then,

1. If M is flat over R, then M’ is flat over R.
2. If S — S’ is faithfully flat, then M s flat over R if and only if M’ is flat over R.

Remark 2.19. Observe that M € QCoh(X) is flat if and only if M(P) is a flat A-module. To prove
this claim, we need to show that, if M(P) is a flat A-module, the R-module M (x : Spec(R) — X) is
flat for any ring R and any morphism z. First, consider a morphism y : Spec(S5) N Spec(A) Fox
factoring through Spec(A4). Then M(y) is a flat S-module as, by quasicoherence, M (y) =2 M(P) ®4 S
and by lemma the latter is a flat S-module. For a general morphism x : Spec(R) — X, there exists
a faithfully flat cover f : Spec(S) — Spec(R) such that x o f factors through Spec(A). By the previous
case M(xz o f) is flat if M(P) is and by quasicoherence, M(x o f) = M(z) ®r S. As R — S is faithfully
flat, one concludes by lemma [2.17) that M (z) is flat as well.

In fact, the specific presentation we chose does not matter:

Proposition 2.20. Let X be any algebraic stack and let g : Spec(S) — X be faithfully flat and affine.
Then, M € QCoh(X) is flat if and only if ¢*(M) is a flat S-module.

Proof. The “only if” direction is straightforward from the definition of flat quasicoherent sheaves on a
stack. For the other direction, assume M € QCoh(X) is such that ¢*(M) is flat. By definition, we need
to show that given any morphism f : Spec(R) — X, f*(M) is a flat R-module. Consider the following
pullback square

Spec(B) —— Spec(R)
| |
Spec(S) ——5— &
Since g is faithfully flat, so is ¢’ i.e. B is a faithfully flat R-module. Hence, in view of lemma [2.1
f*(M) is flat if and only if f*(M) ®pr B is a flat B-module. Since M is quasicoherent and the diagram
commutative, observe that f*(M)®r B = M(foq) = M(qo ) = ¢*(M) ®s B. Thus, it suffices to

show that ¢* (M) ®g B is a flat B-module. This is a direct consequence of the assumption and lemma
2.16] O

We can also make sense of what it means for a module to be flat over a stack:

Definition 2.21. Given q : Spec(R) — X, we say that an R-module N is flat (or faithfully flat) over X
if ¢.(N) is a flat (or faithfully flat) quasi-coherent sheaf on X.

As a quick sanity check, consider the following:

Proposition 2.22. A morphism q : Spec(R) — X s flat in the sense of deﬁnition if and only if
the R-module R is flat over X (with respect to q) in the sense just defined.
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Proof. Recall that we had set Spec(T") := Spec(A4) X x Spec(A). By corollary the morphism g is flat
in the sense of definition if and only if its base change ¢’ : Spec(R ®4 I') — Spec(A4) is flat

Spec(R®4T) —L— Spec(A)

Pl lp

Spec(R) ——— X.

In other words, ¢ is flat if and only if R ®4 I' is a flat A-module. Observe that R ®4 I' = ¢.(R)(P).
We conclude as, by remark flatness of ¢.(R)(P) as an A-module is equivalent to flatness of the
quasicoherent sheaf ¢.(R), i.e. to flatness of R over X' as R-module. O

We have already encountered the following result, but it will be so important for what follows that we
grant it the status of a lemma.

Lemma 2.23. Consider a morphism q : Spec(R) — Spec(A) L. X and an R-module N. Then, N is
flat over X if and only if ¢ (N)(P) = NQr(R®as) = N®asT, seen as an A-module viat: A — T,
is flat. Here s and t denote the source and target maps of the Hopf algebroid (A,T).

Proof. This is clear from the definitions and remark O
Flatness of a module over a stack can be checked locally.

Lemma 2.24. Let q : Spec(R) — X be a morphism that does not factor through Spec(A). Let N be an
R-module and f : Spec(S) — Spec(R) be a faithfully flat cover such that g o f factors through Spec(A).
Then, the R-module N is flat over X if and only if the S-module N ®g S is flat over X.

Proof. Let Spec(B) denote the fiber product Spec(R) x » Spec(A) which we know to be affine as P is an
affine morphism. By remark N is flat over X if and only if P*q,(N) = N ®g B is a flat A-module.
As f is faithfully flat, its base change f' : Spec(S ®r B) — Spec(B) is faithfully flat as well. Moreover,
by pullback pasting in the next diagram, Spec(S ® g B) = Spec(S ®4 I')

Spec(S ®r B) 7, Spec(B) —— Spec(A)

I | 5

Spec(S) —F Spec(R) ———— X
In particular, B — S ®4 I is faithfully flat and by lemma 2), N®pg B is a flat A-module if and only
fNORrBRpS®al = NQrS®4T is a flat A-module. Observe that NQrS®4T' = P*(foq)«(N®gS),
thus N @ g S ®4 I is a flat A-module if and only if N ®pg S is flat on X. O]

Remark 2.25. Any flat A-module N is flat over X. Indeed, by lemma[2.17] since s : A — I is assumed
to be faithfully flat, IV is a flat A-module if and only if NV ®4 s I" is a flat I-module. By lemma 1)
and as both units are faithfully flat, N ® 4 I" is also a flat A-module with respect to the module structure
coming from either s or t. Flatness with respect to the module structure induced by ¢ is the condition
for N to be flat over X.

We will show in example 1), that Q is flat over Mpg, i.e. that Q®g 1., W ®r 4, — is exact where
g : L — Q is zero in every non-trivial degree and the inclusion in degree zero. As Q is not an infinitely
generated polynomial ring, it is not flat over the Lazard ring (as explained after prop. . Moreover,
observe that Q ®r,,,, W ®r,,, — is also not exact as multipication by any x; € L is the zero map under
that functor. Indeed, in Q®y, ,, W®p, ,, L it holds that ¢Qw®z; = ¢®np(z:)w®l = g(z;)g@w®1 = 0.
Thus, this functor doesn’t preserve exactness of the sequence 0 — L 25 L — L/(x;) — 0.

Hence, asking for flatness over [(A,T)] is usually strictly weaker than requiring flatness over A. This
does not, as one might at first think, come from the fact that we are asking N ®4 s I' to be flat merely
as an A-module rather than a I'module, but from the fact that we are asking for it to be flat with the
A-module structure coming from a different map than that over which we tensored (namely ¢ rather
than s). Observe that it doesn’t matter if we consider N ® 4 I’ with A-module structure coming from s
instead. The fact that these units are in general different is the crucial point making it possible to find
weaker conditions for flatness over a stack. In fact, the following proposition shows that if both units
agreed, the flat modules over [(A,T")] coincide with the flat modules over A.
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Lemma 2.26. Let N be an A-module and suppose that N @5 4 I' seen as A-module via s is flat. Then,
N is a flat A-module.

Proof. We wish to show that applying — ®4 N to any exact sequence 0 — M — M' — M"” — 0 of
A-modules preserves exactness. As N ®, 4 I' is flat, we know that applying N ®s; 4 I' ®4,s — to the
sequence preserves exactness. Now as I' is faithfully flat over A via s the previous sequence is exact if
and only if the sequence 0 - M @4 N — M' @4 N — M" ® 4 N — 0 is exact. O

Now that we have highlighted the importance of the difference between the two units, we will no longer
emphasise this and trust that the reader can keep track of the right module structures to consider (we
already did this in lemma [2.24)).

We can now prove a criterion for exactness of the pullback functor. This is a generalisation of [I5] Lect.
15, Prop. 5].

Proposition 2.27. Consider a morphism of stacks q : Spec(R) — X and an R-module N. Then, N is
flat over X if and only if the functor ¢*(—) ®r N : QCoh(X) — Modpg is exact. In particular, when
N =R, q is flat if and only if the pullback functor ¢*(—) is ezact.

Proof. First, consider the case when ¢ factors as ¢ : Spec(R) 4 Spec(A) — X. Let P : Spec(A) — X be
the presentation and consider the following 2-commutative diagram of cartesian squares

’

q

— T
Spec(R®4 T') —— Spec(I’) —— Spec(A)
AT

q

By assumption P is faithfully flat, by base change, P’ is faithfully flat as well. Hence, asking for
q¢*(—) ®r N to be exact is equivalent to asking for the functor ¢*(—) g N @ g (R®4 ') to be exact. We
claim that this functor is isomorphic to P*(—) ®4 (N ®4 I'). Indeed, let M € QCoh(X) be arbitrary.
Observe that by quasicoherence

¢"(M)®r N @r (R®aT) = ((R®al)®r M(q)) ®r N = M(qo P') ®p N.

By commutativity of the above diagram, M (qo P') ~ M (Pogq’). By quasicoherence, we have the following
chain of equivalences for the latter:

M(Poq)®r N~M(P)2s (T ®sR)®r N~ M(P)®s(N®aT).

All the isomorphisms were natural in M which gives the desired isomorphism between the two functors.
Hence, M — ¢*(M) ®pr N is exact if and only if the functor M — P*(M) ®4 (N ®4T') is exact. We
claim that this condition is equivalent to N being flat over X (with respect to ¢). Indeed, recall that
a sequence of quasicoherent sheaves on X is exact if and only if the sequence of A-modules induced by
P* is exact. So the functor M +— M(P) is exact by definition. It remains to see that — ®4 (N ®4 T)
is an exact functor of A-modules if and only if N is flat over X'. By definition, the latter means that
¢«(N)(P) =N ®r (R®47T) is a flat A-module, which is exactly what was needed.

It remains to consider the case when ¢ : Spec(R) — X does not factor through Spec(A4). As usual,
by proposition there exists a faithfully flat cover f : Spec(S) — Spec(R) such that g o f factors
through Spec(A). By lemma the R-module N is flat over X if and only if the S-module M ®z S
is flat over X. By the previous discussion, this last condition is satisfied if and only if the functor
(go f)*(—) ®s M ®g S is exact. As f is faithfully flat, (go f)*(—) ®s M ®@r S = f* o q*(—) ®r M is
exact if and only if ¢*(—) ® g M is exact, which concludes the proof. O

Corollary 2.28. Let f : E, - R = {R;}jez be a graded ring map. If f is such that the induced map f :
Spec(®;R;) — [((Ex, EL(E)[u]))] is flat, then the functor hy : hSp — Ab defined by X — E.(X)®p, R
defines a homology theory.
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Proof. We have already discussed in lemma that it suffices to show that — @, R preserves exact
sequences. Let us write @; Fo;(X) and @; Ea;41(X) for the ungraded (E,, E.(E)[u*])-comodules corre-
sponding t0 Eeyen(X) and F,qq4(X) respectively, under the equivalence of categories of proposition E
Let Fg,E,,(x) denote the corresponding quasicoherent sheaf under the equivalence of proposition @
Recall from the proof of that same proposition that

f*(‘FEBLEzl(X)) = ]:EBLEQL(X)(f) = @1E21(X) @, B @jRj

and similarly for the odd case. By proposition we know that the pullback functor f*(—) is exact.
Hence, given a fiber sequence X — Y — Z — X[1], the sequence

®iE2%(X) Qg B, ®jR; — @iE%(Y) Qa,5, ®jR; = ®iFE2(Z) ®a, 5, ®jRj = @i E2(X([1]) ®g,E, B;R;

is exact. The analogous statement holds for the odd case. The direct sum of the even and odd sequence
is exact as well and, by distributivity of the tensor product, it gives exactness of

B Ei(X) Qe,5, PjR; = & E(Y) a5, ®Rj — ®:Ei(Z) Qq, 5, ®jR; — &:Ei(X[1]) Qq, B, B, R;.
By lemma this sequence is isomorphic to the sequence
©i(Ee(X) @p, R)i = ©i(EL(Y) @R, R)i = ©i(E.(2) ®@p, R)i — ©:i(E«(X[1]) ®p, R);
whose exactness is in turn equivalent to exactness of
E.X)®p, R—> E.(Y)®g, R— E.(Z)®gp, R— E.(X[1]) ®g, R
as graded abelian groups. O

Corollary 2.29. Let N = {N;};cz be a graded E.-module. If ®;N; is flat over [(E., E.(E)[u*])], then
the assignment X — E.(X) ®g, N defines a homology theory.

Proof. Again, by lemma 2.1} it suffices to show that —®p, N preserves exact sequences. Consider the pre-
sentation ¢ : Spec(E.) — [(E., E«(E)[u*])]. By proposition as @;N; is flat over [(E., E.(E)[uT])],
for M € QCoh([(E., E«(E)[u])]), the functor M ~ ¢*(M) ®g, 5, ®N; is exact. By definition of exact-
ness of quasicoherent schemes, c* is already an exact functor. Hence, — ®gg, ®;N; is an exact functor.
We have seen in the proof of corollary how to deduce that also the graded tensor product — ®g, N
is exact. O

This gives the abstract formalism with which we can build a new homology theory from an even spectrum
of Adams type E. It suffices to find interesting modules that are flat over its associated stack. More
precisely, by lemma one needs to find a module M such that M ®g, E.(F) is a flat E,-module.
However, this is still a difficult problem. For example, as the Hopf algebroid associated to the even
part of S, is trivial, trying to find flat modules over its associated stack comes down to finding flat
Seven-modules. This requires a good understanding of the homotopy groups of the sphere. For the
spectrum M Sp, we would need to understand flatness over the symplectic bordism ring. Even when E,
is well-understood, determining this tensor product can be difficult as it also requires an understanding
of the structure maps from the Hopf algebroid:

Example 2.30 ([I5] Lect. 15, Ex. 7]). Fix some prime p and consider the Lazard ring L & Z[z1, zo, .. .].
Let us write v; := x,i_;. Recall from proposition m that [(MU,, MU,(MU)[u*])] &2 Mpg and that
¢ : Spec(L) — Mpg classifying the universal formal group law is a presentation. Consider the L-module
R :=Zgy[v1,v2,...] = Ly /(x; | i # p* — 1) and let ¢ : L — R be the quotient map. We claim that the
map q : Spec(R) — Spec(L) — Mp¢ is flat. By corollary one needs to show that ¢’ (which is the
projection to Spec(W) composed with 7;) in the following pullback diagram is flat

’

q

Spec(R @1y, @W := B) —— Spec(W) —%5 Spec(L)
l lTIR J,C
Spec(Rt) ————— Specll) ——= My,
q
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The ring B is given by
Ly /(i | i+ 1% p*) @pp LlbG, b1, b, -] 2 L) (b5, b1, ba, -]/ (r(ws) | i 41 # p"),
By remark nr(z;) = b; + terms of degree > 2. Thus, there is an isomorphism
L) by b1, bo, -1/ (nr(@s) | i+ 1 # ") 2 Ly by, b | i+ 1 = p"]

and B is a polynomial ring over L(,). As such, it is a faithfully flat L,)-module and, as localisation
preserves flatness, B is a flat L-module as claimed. By corollary the functor hy : hSp — Ab, X —
MU, (X) ®yu, R defines a homology theory called Brown-Peterson homology.

Note that understanding this example was only possible because we had some knowledge about nr. This
knowledge came out of the proof of the Lazard theorem, which is known to be difficult.

This example concentrated on a particular prime p. It seems natural to ask if we can phrase it in
terms of the stack associated to [(L,), W(p)] instead of Mpg. This stack is equivalent to the product
Mrpg x Spec(Zy,)) as by remark and by definition

MEg x Spec(Zpy) = Mra Xspecz) SPec(Zpy) = [(L, W)] X(z,2)) [(Zp), Z(p))] = [(Lipy, Wip)l-

Let Tape 1 Mrg X Spec(Z,)) — Mrpg denote the projection, i : Spec(L,) — Spec(L) the localisation
and let ¢, : Spec(L(p)) — Mpg x Spec(Z(y)) be the map induced by the universal property of the
pullback from c o, and the inclusion Z,) — L, in degree zero. Observe that ¢, is a presentation for
Mrpg x Spec(Z,)) by base change and that by construction 7y, © ¢, = coi. In particular, ¢ factors
as T pe © Cp © @p Where g, : Spec(R) — Spec(L(;)) is the quotient.

Lemma 2.31. The map q : Spec(R) — Mpg % Spec(Z,)) defined as q := c, o q is affine and faithfully
flat.

Proof. We have to show that g, in the following pullback diagram is affine and faithfully flat.

8
Spec(R R L, W) ——— Spec(L(y))

l J/cp

Spec(R) ———5—— Mrpg X Spec(Zy,)).-

As map between affine schemes, q;, is clearly affine. As R is p-local, R®r,,, W) = (R®L W) = By
where B is as in example [2.30, As B was already p-local, this pullback is also B(,) = B and we have
already shown in example [2.30| that B is faithfully flat over L(,). O

Remark 2.32. As ¢ is faithfully flat and affine, it is also a presentation for Mpg x Spec(Z,)). Observe
that the fiber product Spec(R) ®4 e xSpec(Zp))sd Spec(R) is given by R®r,,, W) ®@L,,, R. By theorem

[L.10,

Mrpa x Spec(Zp)) = (R, R @, W) OL, R)]-
We noted before that Mprg x Spec(Z(y)) is associated to the Hopf algebroid (L, W(;)), so

[(L(p)7 W(P))] = [(R’R®L<p> Wip) QL) R)].

However, the two Hopf algebroids are not isomorphic as L(,) has generators in all even degrees whereas
R only has generators in degrees 2(p* — 1). This gives a concrete example of the failure of the forgetful
functor from rigidified algebraic stack to stacks to be full as mentioned in remark

Having a tool to construct new homology theories is nice, but it would be better to be able to lift these
theories to spectra. The following theorem provides us with a partial solution:

Theorem 2.33 (Brown representabilty, [I5] Lect. 17, Thm. 1]). Let HomTh denote the category
of homology theories. Then, the functor hSp — HomTh, F — 7.((—) ® F) := F.(—) is essentially
surjective and full. In particular, given a spectrum F, a homology theory h, and a map of homology
theories o : Fy — h,, there is a map of spectra 8 : F — F’ and an isomorphism of homology theories

F! ~ h, such that « is given by the composition F, LN F! ~h,.
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The fact that this functor is not fully faithful is due to the existence of so called phantom maps, non-
nullhomotopic maps between spectra that induce the zero map on homology.

Corollary 2.34 ([I5, Lect. 18, Cor. 3]). Ewvery homology theory h. is represented by a spectrum F,
which is uniquely defined up to (nonunique) homotopy equivalence.

Proof. The existence of F' follows from theorem For the uniqueness, we note that if F' and F’ are two
spectra both inducing homology theories isomorphic to h., then, again by theorem[2:33] the isomorphism
F, — h, — F! comes from a map of spectra, which is a homotopy equivalence by Whitehead’s theorem.

O

Our takeaway is that the natural transformation between homology theories Hy : E, — E.(—) ®g,
R := h; always induces some morphism of spectra ¢ : £ — E! with Ef = E.(—) ®g, R such that
m«(— ® ¢) = Hy. The spectrum E7 is uniquely defined up to homotopy, but the morphism ¢ might
not be unique up to homotopy. There could be two nonhomotopic morhphisms «, 3 : E — Ef such
that a, = B, = hy i.e. a and j differ by a phantom map. In particular, in general, the construction
that associates the spectrum E/ to the homology theory h; by lifting the natural transformation H
cannot be made functorial in f and we have no control on whether E/ is a homotopy commutative ring
spectrum or F 2 Efa map of homotopy commutative ring spectra. However, some situations are nice
enough that we can exclude phantom maps. More on this will be discussed in subsection (theorem

corollary [2.51} proposition and remark [2.54]).

Remark 2.35. Let f : E, — R be a morphism exhibiting R as an FE,-module that is flat over
[(E., E.(E)[u¥])]. Let EY be the spectrum associated to hy as discussed above. Then:

1. By construction, Ef admits a morphism of spectra E — E.

2. The n*" homotopy group of E/ is given by R,,, the elements of degree n in R, as

mn(EY) = EL(S) & (E.(S) ®p, R)n = (Ey ®p. R)n = R,

2.2 The Landweber Exact Functor Theorem

When E = MU, there exists a calculable criterion to check whether a map into [(MU., MU, (MU)[u*])] =
Mg is flat. This exploits the fact that we have a good understanding of M gg as moduli stack of formal
groups and an effective filtration of its p-localisations. Before stating the main result of this section, we
need to, once more, recall a few more facts about formal group laws.

Definition 2.36. Let F be a formal group law over a ring R. For a natural number n, define its n-series,
[n]F(x), inductively as the power series defined by [1]p(x) =z and [n|p(z) = F([n — 1] p(x),x).

Observe that the n-series is an endomorphism of F'.

Definition 2.37. Given a prime p and a formal group law F over R, we define Uf’p € R to be the

coefficient in front of zP' in the p-series [p|p. We drop the superscript F, p and simply write v; when the
formal group law and the prime are clear from context.

Remark 2.38. By unitality of formal group laws, v, the coefficient in front of x in [p]r, will always be
given by p.

Remark 2.39. The p-series of the universal formal group law defines elements v; € L. Refining the
proof of Lazard’s theorem (thm. , one can show that there is an isomorphism L) = Z,[21, T2, . . . |
such that z,:_; = v; for all i; see [15, Lect. 13, Prop. 1]. In particular, the notation in examplewas
chosen compatibly with this isomorphism. Moreover, observe that, for a formal group law F on some
ring R corresponding to a morphism g : L — R, 0 (v;) = vf. We will use these observations tacitly in
the following.

Definition 2.40. We say that a formal group law F' has height > n at a prime p if the elements vf’p
vanish for for all i < n. If further v*? is invertible, F has height ezactly n.

n

Lemma 2.41 ([I5] Lect. 12, Rmk. 15]). Two isomorphic formal group laws have the same height.

Fix a prime p. We introduce three substacks of Mpg x Spec(Zp)):
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Definition 2.42. The moduli stack of formal groups of height exactly n, M%q, is the stack which
associates to an affine scheme Spec(R) the groupoid M pg(Spec(R)) whose objects are formal groups
over Spec(R) of height exactly n at p and whose morphisms are isomorphisms of formal groups.

The moduli stack of formal groups of height > n, M%g, and the moduli stack of formal groups height
< n, M5g, are defined analogously, replacing “height exactly n” by “height > n” and “height < n”
respectively.

The stack ML will be a key ingredient for the proof of theorem M%g will be needed for theorem

and M3 will appear in example
We can now state the main result of this section.

Theorem 2.43 (Algebraic Landweber Thm., [I5] Lect. 16, Thm. 1]). Let M be a module over the Lazard
ring L. Then, M is flat over Mpq if and only if, for every prime p, the elements (vg = p,v1,v2,...) € L
form a regular sequence for M, i.e. multiplication by -v; : M/(p,v1,...,vi—1) = M/(p,v1,...,vi—1) is
injective for all 1 € N.

The proof is long and deferred to subsection [2.3] Combining this theorem with results from the previous
subsection, we get the following pleasant statement:

Corollary 2.44 (Landweber Exact Functor Theorem). Let F' be a graded formal group law over a
graded ring R (i.e. some morphism MU, — R) and let hp : hSp — Ab be the functor defined by
X = MU(X) ®ymu, R. Then hp is a homology theory if for every prime p the sequence p,vi,vs,... i
reqular on R.

Proof. In view of corollary it suffices to show that R is a flat L-module over Mpg. By theorem
[2:43] this is the case if and only if the v; form a regular sequence on R. O

Remark 2.45. In accordance with [I5, Lect. 17], we will from now on adopt the convention that R is
evenly graded. This is not a restriction as, since L is evenly graded, any interesting map L — R factors
through the even part of R anyways. Moreover, we should mention that we can also apply corollary
to ungraded ring maps F': L — R by forcing a grading on R. More precisely, we replace R by the graded
ring R[u®] with u in degree 2 and replace F' by the map that sends z; to F(z;)u’.

Remark 2.46. The previous statement was first shown by Peter Landweber in [I1]. In this paper, no
stack appears. Rather it is shown that, under the conditions of the corollary, the functor — ® R :
(L, W)comod — Ab is exact using methods from homological algebra. We have seen in proposition m
and corollary how exactness of this functor corresponds to flatness of the corresponding morphism
of stacks.

Definition 2.47. A formal group law satisfying the assumption of theorem [2.43| is called Landweber
exact.

It was discussed in the previous section how, given a Landweber exact formal group law F', one could
lift the natural transformation Hp : MU, (—) — hr(—) to a map ¢ : MU — MUY between spectra.

Definition 2.48. A spectrum arising from this construction is called Landweber exact.

Remark 2.49. Let F : MU, — R be a graded Landweber exact formal group laws and let MU¥ be its
associated spectrum. Recall from remark that m,(MUY) = R,,. In particular, by the convention
adopted in remark MUY is even.

We had run into the problem of phantom maps, but, as we will now see, all phantom maps vanish in the
case of Landweber exact spectra. More precisely,

Theorem 2.50 ([I5, Thm. 6, Lect. 17]). Let E be a Landweber-ezact spectrum, and let E' be an even
spectrum. Then, every phantom map f : E — E' is nullhomotopic. In particular, in view of remark
any phantom map between two Landweber exact spectra is nullhomotopic.

Theorem implies:

Corollary 2.51. Denote by hLand the full subcategory of hSp spanned by Landweber exact spectra. Let
HomTh denote the category of homology theories. Then, the functor hLand — HomTh, E — E.(—) is
fully faithful.
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For the proof, we refer the reader to the detailed discussion in [I5, Lect. 17]. The key point is that the
spectrum MU is evenly generated meaning that any map from a finite spectrum to MU factors through
an even finite spectrum. This is due to the construction of MU as homotopy colimit of Thom spectra
associated to the finite-dimensional complex Grassmaninans which admit a finite cell decomposition with
even cells. From this, one can deduce that any Landweber exact spectrum is evenly generated (see [153],
Prop. 9, Lect. 17]). This evenness then obstructs the existence of phantom maps to an even spectrum
(see [15, Prop. 10, Lect. 17]).

The nonexistence of phantom maps has the following nice consequence:

Proposition 2.52. Landweber exact spectra are homotopy commutative ring spectra. Moreover, the map
©: MU — MUF lifted from MU,(—) — hr is a map of homotopy commutative ring spectra.

Proof. Let F': L — R be a Landweber exact formal group law and for clarity of notation let us denote
its associated spectrum by E instead of MUY during this proof.

The unit map is easy to define. It is given by ng : S 2% MU — E where nyp : S — MU is the unit
of MU.

To define the multiplication up : F ® E — E, we begin by constructing a map of homology theories
(E ® E).(—) — E.(—) which, by corollary can be uniquely lifted to the desired map of spectra.
The key observation is that for any spectrum X, the F ® E-homology of X can also be written in terms
of MU. Indeed,

(EQE)(X)=m.(EQE®X) by definition
=E.(E®X)
=MU.(E®X)®mu, R as F is Landwebwer exact
=m(MURE®X)®yu, R definition again
=FE.MU®X)®mu, R
=MU.,(MU® X)®puu, ROuu, R Landweber exactness again

= 1.(MU ® MU ® X) @y, ROymu, R.

Let upy : MU @ MU — MU denote the multiplication on MU. Multiplication on R is MU,-bilinear
and hence descends to a map m : R ®yy, R — R. Consider the map

T (W X m
(E® E)(X) = m.(MU ® MU ® X) ®yv. (R @y, R) —LaveDen,

(MU ® X) @uu, R= E(X).
This defines a natural transformation of homology theories (E ® E).(—) — F.(—) and, as explained in
the beginning, induces ug : EQ F — FE.

It remains to check that g is unital, associative and commutative. As before, this is done by checking the
properties on the induced homology theories and using fully faithfulness to conclude about the spectra
case. We write out the details for unitality on the right, the other cases follow by similar arguments. We
need to show that the following diagram commutes (naturally, to get a map between homology theories,
but this is clear) for all spectra X:

) 1dINE .

E.(X)~(E®S).(X (E® E).(X)

By the above, this can be rewritten as

T (MURNMURX)®i1

(MU ® X) @mu, R2m(MU®S® X) @uu., R (MU @ MU ® X) @uu, R®mu, R

i </m(mw®X)®m

(MU Q@ X) @uu, R

where i1 : R - R®ppu, R is the inclusion into the tensor product to the right i.e. 7 — 1 ®r. Now, since
wymu o npu =~ tdyp and m o iy = idg, this diagram commutes.
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By fully faithfulness, the corresponding diagram of spectra

E~E®S i EQE

X %
FE
must commute as well.

Finally, to see that MU — FE is a ring map, we must verify that the following commutes:

MU @MU —— MU

HMU

| |

E®QE —"— F.
Again this is clear on homology because

Ta (v ®X)

(MU @ MU ® X) = (MU @ MU).(X) MU.(X)

. .
(2] 12

* RX)®
7. (MU @ MU ® X) @uv. (R ®v. R) = (E @ E)o(X) MO0 0 @ X) @ao. R

trivially commutes where is, ) are the inclusions into the tensor product to the left. O]
By this proposition, remark specialises to the following observations:

Remark 2.53. Let MUY be the Landweber exact spectrum associated to a Landweber exact formal
group law F. Then,

1. MUY is complex oriented via the map of homotopy commutative ring spectra MU — MUY of
proposition [2.52}

2. (MUY is a graded ring isomorphic to R.

Remark 2.54. This enables us to construct a well defined functor from the category of Landweber
exact formal group laws to homotopy commutative ring spectra by sending a Landweber exact formal
group law to its associated homology theory and then lifting this to the spectrum it is represented by.
The nonexistence of phantom maps ensures that this extends functorially to morphisms and, in view of
proposition that all spectra in its image are homotopy commutative ring spectra.

Complex orientability of the spectrum MUY gives a second way to associate a formal group law to it:

Remark 2.55. As the spectrum MUY is complex oriented, MU (CP>) = MUZF[[2]] with % a complex
orientation for MU¥. We claim that the image of z under p* : MU (CP>) — MU " (CP> x CP>)
induced by the H-space multiplication of CP* is again the formal group law F used in the construction
of MUY. Let ¢ : MU — MUY denote the map witnessing complex orientability of MUY and let z
denote the canonical complex orientation for MU. Consider the following commutative diagram

MUF*(CP>) — 2 MUF*(CP>® x CP>)

o] Te-

MU*(CP>) = MU.[[z]] —— MU*(CP> x CP*).

By construction, p.(2) = Z, ¢u|pu, = F and p*(2) =z + y + i j>1a:;2'y’ the universal formal group
law. Hence, u*(2) = g o p*(2) = 2+ y + X, j>1F(a;j)x'y? which is the formal group law corresponding
to F' as claimed.

Note that this argument shows more generally that for any complex oriented spectrum F with complex
orientation e, the formal group law u*(e) corresponds to m,(p : MU — E) where ¢ is the map witnessing
the complex orientation.
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Thus, the associated formal group law of a spectrum constructed via the Landweber exact functor
theorem from a formal group law F is again F. The following corollary provides the converse, namely
that a complex oriented spectrum with Landweber exact associated formal group law F' is homotopy
equivalent to MUT".

Corollary 2.56. If E is a complex oriented ring spectrum whose formal group law is Landweber exact,
the map MU %5 E witnessing the complex orientation induces isomorphisms MU.(X)®nu, Ex 2 E(X)
for any spectrum X . In particular, there is a homotopy equivalence E ~ MU™(#).

Proof. Let X be some spectrum. The map ¢ induces p ® X : MU ® X — E ® X and taking homotopy
groups one obtains a map MU, (X) 2= E,(X). By E,-linearity, this induces a map of graded E,-modules

Yx : MU(X) @umu, F X, B, (X) via the assignment a® e — e-¢'(a). Observe that ¢ is natural in X
as all the maps involved in the construction were natural. We want to show that ¢ is an isomorphism.

Observe that g is trivially an isomorphism as MU, (S) Quu, Ex & E. = E.(S). Moreover, as the
previous isomorphism held in all degrees, ¥s» is an isomorphism for all integers n.

Now consider the family of spectra X where 1 x is an isomorphism. We have just shown that it contains
S™ for all integers n. It is closed under filtered colimits and sums as both E,(—) and MU.(—) ®yu. Fx
are homology theories by assumption and corollary If this family is also closed under cofibers, then
it contains all spectra.

For the last point, let f : X — Y be a map of spectra such that both ¢x and 1y are isomorphisms. De-
note the cofiber of f by C. As we are dealing with homology theories, they produce long exact sequences
from cofiber sequences and give rise to the following diagram with exact rows which is commutative by
naturality of -

S EBX) — S B(Y) — s B(C) ————— By (X) ————
¥x, =T Yy, =P Yol =t
oo = (MU(X) @mu, Ex)n = (MUL(Y) @mu, Ex)n = (MUL(C) ®mu, Ei)n = (MU.—1(X) mu, E)n — .

One concludes by the five lemma that ¥ is also an isomorphism. O

Remark 2.57. This corollary justifies extending definition to calling any complex oriented ring
spectrum with a Landweber exact formal group law is Landweber exact. We will do this in what follows.

This gives a partial answer to the question of whether one can find an inverse (up to homotopy) to the
construction that associates a formal group law to a complex oriented cohmology theory. The answer
is yes if the formal group law is Landweber exact! The construction is given by sending a Landweber
exact formal group law F to MUY The discussion of phantom maps ensures that MU is a homotopy
commutative ring spectrum. Remark and corollary [2.56] show that the two constructions are indeed
inverses. Beware however that not all complex oriented cohomology theories arise from this construction.
For example, HZ is complex oriented, but, as we will see in the next example, its formal group law is
not Landweber exact.

We are now ready to look at some well-studied explicit examples and non-examples of Landweber exact
formal group laws and their associated spectra.

Example 2.58. Throughout fix an arbitrary prime p.

1. The following is a non-example in many cases. Consider the additive formal group law Fy(z,y) =
x + y over some ring R, which we know to arise from singular cohomology with coefficients in R.
As [p|r, () = px, vo = p, v; = 0 for all ¢ > 0. For the Landweber exactness condition to hold,
we need all primes p to be nonzero divisors in R, so that multiplication by vy = p is injective,
and multiplication by v; = 0 must be injective on R/p. In other words, R must be torsion free
and all primes must be units in R. In particular, for F, to be Landweber exact, we need R to be
a Q-algebra. For such a ring, the cohomology theory arising through Landweber’s exact functor
theorem is indeed singular cohomology by corollary

2. Consider the multiplicative formal group law F,,(x,y) = x + y + uxy which is well known to be
associated to complex K-theory (then w denotes the Bott element in degree —2). Its p-series is

given by [p|r,, (z) = % Hence vy = p (as always), but this time v; = v~ and v; = 0 for
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all 4 > 2. Thus, a ring R over which the multiplicative formal group law is Landweber exact must
be torsion free and v must be a unit.

Specialising to KU, = Z[u™'], one observes that v; is invertible in KU, /p. Hence, the multiplica-
tive formal group law over KU, is Landweber exact and, again by corollary the associated
spectrum recovers complex K-theory. This gives an alternative proof of the famous Conner—Floyd
isomorphism MU, (X) ®pu, KU, =2 KU, (X).

3. Let us revisit example Recall that we had shown that the composite
MU, = MU,y — MU,/ (z1 2 L#p" = 1) = Zgyy[v1,v2, .. .]

is flat over Mpg. This is more easily seen from theorem [2.43| since the v;, being polynomial
generators, clearly define a regular sequence on Z,)[v1,v2,...]. As mentioned in example m
this defines Brown-Peterson homology, whose associated spectrum is denoted BP. Beware that
this argument is circular though, as we will use flatness of this map to prove theorem [2.43]

4. If one further takes the quotient of BP, = Zp)[v1,vs,...] by the ideal (vy41,Unq2,...) and inverts
Up, one gets another formal group law MU, — Z,)[vi,v2, ..., Un_1, vE]. This is Landweber exact
by construction. As before the v; form a regular sequence up to v, because they are polynomial
generators, and as vy is invertible, so Z[vi, vz, ... Un_1,v5]/(v1,...,v,) = 0, there is nothing
more to check. This gives rise to the so-called Johnson-Wilson theory, denoted by E(n), which
“sees things about formal groups laws of height less than n + 1”7. This will be made more precise

in example

5. This non-example will be the motivating example for subsection The n'" Morava K-theory
K (n) is not Landweber exact for any prime p nor any natural number n. Recall that its homotopy
groups are given by K(n). = F,[vE]. Its formal group law comes from the composition MU, —
MUy, = K (n)« sending a1 to v, and all other polynomial generators to zero. In particular,
its p-series is given by

1

[p]K(n)* = px + Unl,p"_ — Unl'p"_l,

This is not Landweber exact as, for all i < n, v; = 0 and K(n)./(vo,...,vi—1) = K(n)« # 0, so
multiplication by v; on K(n)./(vg,...,v;—1) is not injective. More easily, it would have sufficed to
observe that K (n), is p-torsion, so multiplication by vy = p = 0 cannot be injective.

One could argue that these examples did not give anything new. They are all known cohomology theories
which can also be constructed alternatively. For example, Landweber already knew BP when writing
[11] and even proved a version of the Landweber exact functor theorem for it. We will recover this as
corollary This construction of BP and E(n) is presumably one of the easier ones, it depends how-
ever on the choice of the v; as generators of the Lazard ring and this is a very noncanonical choice. The
aim of section [3| will be to convince the skeptical reader that Landweber’s exact functor theorem does
open up new doors because it enables us to associate cohomology theories to certain algebraic geometric
objects, namely elliptic curves. Section [3| will discuss how to associate a formal group law to an elliptic
curve and show that this will be “generically” Landweber exact in a sense to be made precise.

Now that we can construct many new spectra, we should wonder if we can iterate the procedure described
until now and obtain yet again interesting, unknown spectra by analysing flat maps over stacks associated
to Landweber exact spectra. The first condition for this to work is that the Hopf algebroid associated
to a Landweber exact spectrum is flat.

Proposition 2.59. Any Landweber exact spectrum E is of Adams type. In particular, it admits an
associated flat Hopf algebroid (E., E.(E)).

Proof. We need to show that the left unit E, 2 7.(S® E) UELLN m(E® FE) is flat. As E is Landweber

exact, recall that
E.(E) = MU.(E) Qmu, Ex = MU.(MU) @mu, By« Quu, Ex.

Landweber exactness of F is equivalent to F, ®7, W being a flat L-module, so E, ® yy, MU (MU) is a
flat MU,-module. By lemma MU,(MU) ®@pmu, Ex @mu, Ey is a flat E,-module as needed. O
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Example 2.60. For a fixed prime p, without knowing it, we have already met the flat Hopf algebroid
(BP.,BP.(BP)) in remark We had shown there that the associated stack to this Hopf algebroid
is M3 x Spec(Z(y)). We can determine BP,(BP) more precisely. By example m

BP, @My, yg MUL(MU) 2 L, by, b; | i+ 1 = pF]
and thus
BP,(BP) = L,[bg.bi | i+1=p"®L, Zp)lvi,va,...] = Zylor,va, .. by, b | i+ 1 =pk].
Summing up, we have the following isomorphisms:

(MU, (MU, (MUg))))] = Mg % Spec(Zy))
= (Zpy[vr,v2, - .- ], Zpy[vr, ve, - . [0, bi | i+ 1 = p*))] = [(BP., BP.(BP))).

However, trying to understand flat maps to the stack [(F., E«(E))] rarely adds anything new to the
picture:

Remark 2.61. Let E be a Landweber exact spectrum. The map MU, — E, classifying its formal
group law induces a morphism of Hopf algebroids (MU., MU, (MU)[u*]) = (E., E.(E)[u¥]) and thus a
map of stacks ¢ : [(E., Ex(E)[uT])] = Mpg. Whenever ¢ is representable, it is flat. Indeed, as flatness

can be checked locally on the base, it suffices to show that Spec(E.,) <= [(E., E.(E)[u*])] 2, Mpg is
flat. By construction, this map is precisely the one classifying the formal group law MU, — E, used to
construct E. By assumption, as E is Landweber exact, this is flat.

Given an E,-module N that is flat over [(E,, E.(F)[u*])], there is an isomorphism

E.(X)®p, N2 MU.(X)®nmu, Ex®p, N

and the arising homology theory X — F.(X) ®g, N is none other than the one we could have already
constructed seeing N as a M U,-module that is flat over M pg. An advantage of this point of view arises
when F, is so simple that flatness over F, becomes a reasonable condition. Then, this discussion shows
that a flat F,.-module is also flat over M pg without needing to check any regularity condition on the v;.

Despite this, the Hopf algebroid associated to a Landweber exact spectrum might encode other interesting
geometric information.

Example 2.62. We will show that, for a given prime p, the stack associated to the Hopf algebroid
(E(n), E(n).(E(n))[u*]) is Mz, the moduli stack of formal groups of height smaller than n + 1. Let
n:L = Ly — Zgylvr, ... ,Un_1,vE] = E(n). denote localisation at p followed by the quotient map
and let P’ : Spec(E(n).) = Mpg be the map classifying 7. As n corresponds to a formal group law of
height strictly less than n + 1, P’ factors through M;’gfl as

Spec(E(n).) 2> MY & Mpg.
In view of theorem it suffices to show that P is affine and faithfully flat and that
Spec(E(n)x) X p Mt p Spec(E(n).) = Spec(E(n).(E(n))).
As height stays unchanged under isomorphisms of formal groups,
Spec(E(n)+) X pEntt p Spec(E(n)s) =~ Spec(E(n).) X pr mpg,pr SPec(E(n).).
We know that the latter is given by Spec(E(n). ®; W ®1, E(n).). By Landweber exactness, this is
precisely Spec(E(n).(E.(n))).
It remains to see that the base change of P against any morphism f : Spec(S) — M;gﬂ is faithfully flat
and affine. By base change, this is clear if f factors through P as the source map s : Spec(FE(n).(Ey(n)) —
Spec(E(n),) is faithfully flat by proposition 2.59} The general case follows from the usual descent

arguments and the observation that any morphism f : Spec(S) — Mzt factors locally through
Spec(E(n)4) as it locally corresponds to a formal group law of height strictly less than n + 1.
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2.3 Proof of the Algebraic Landweber Theorem (Thm. [2.43])

We will now give a proof of theorem [2.43] We follow the strategy from [I5, Lect. 16], adding a lot of
detail. Begin by considering an L-module M that is Landweber exact. The aim is to show that it is
flat over M p¢g. First, we reduce to checking flatness of the localisation at each prime over the localised
stack as made precise in the next lemma.

Lemma 2.63. An L-module M is flat over Mg if and only if for each prime p, M, is flat over
MFG X Z(p).

Proof. Recall that Mpg x Spec(Zy)) = (L), Wp))]- By lemma M is flat over Mp¢ if and only
if M @ W is a flat L-module. As {Spec(Z,)) — Spec(Z)}, prime is a Zariski cover and flatness can be
checked Zariski locally, M @ W is a flat L-module if and only if (M ®1 W),y = My QL W) is a
flat L(,y-module. This is precisely the condition of M, being flat over Mpg x Spec(Z,)) for all primes
p. [

Hence, it suffices to show that M, is flat over Mpg x Spec(Z,)). For the remainder of the section, we
fix an arbitrary prime p and let M denote an L ,)-module which is Landweber exact at p.

We proceed in two main steps. First, we reduce the statement of flatness over Mpg x Spec(Z,)) to
an algebraic statement by exploiting example This will be how the v; come into play. All the
tools needed for this are already in our hands. Understanding the algebraic statement is subdivided into
three steps: a small argument to restrict to a finitely generated ring, a lemma that will allow inductive
reasoning and some observations on the moduli stack of formal groups of height exactly m. This will be
made more precise in due time.

Throughout this subsection, we will always write R := Spec(Zy)[v1, vz, ...]) and ¢, for the presentation
of Mg x Spec(Z,)) introduced after example As in that example, we define

B = Zgylvi,va, .. JbE b |i=pF +1] =2 R, W

and by ¢ we will always refer to the faithfully flat morphism ¢ : Spec(R) — Mpg x Spec(Z,) from
lemma 2.31] .

Lemma 2.64. M is flat over Mpg x Spec(Zy)) if and only if the R-module ¢*(c,, (M)) = M @, B
is flat over R.

Proof. This is clear from combining that ¢ is faithfully flat as shown in lemma [2:31] with proposition
2.20) O

For simplicity of notation, we will denote M ®,,, B by Mp in what follows.

Now comes the point where one no longer gets away with formal considerations and has to dive into the
commutative algebra surrounding L. We have just reduced to checking that Mp is a flat Z,)[vi, va, ... |-
module. Even though this ring is considerably smaller than L), it is still infinitely generated and the
next step is to reduce to checking flatness over finitely generated rings.

Lemma 2.65. To show that Mp is a flat Zp) [v1,va,...]-module, it suffices to show that it is a flat
Zpy[v1,v2, ..., va]-module along the inclusion Zy[vi,va, . .., vn] <> Ly [v1,v2,...] for all n € N.

Proof. Flatness of Mp as R-module can be rephrased as requiring that for any R-module N and all
i > 0, Tor®(N,Mg) = 0. As this functor commutes with filtered colimits and any module can be
obtained as filtered colimit over finitely presented modules, it suffices to show the statement for N
any finitely presented R-module. This means that there exist some integers {,m > 0 such that there
is a short exact sequence R®™ % R® — N — 0. Let {ay}r<m denote a basis for R®™. Then,
N = R®/(a(ay) | k <m). Observe that (a(ay) | k < m) can reference only finitely many v;. Hence, we
can write N 2 No[vp41, Unta, ... ] where n is the biggest integer such that v, appears in (a(ag) | k < m)
and Np is a Z,)[v1,v2, . . ., vp]-module (more precisely No = Z)[v1, va, . .., vn]® /(a(ar) | k < m). Now
one uses the fact that for a faithfully flat ring map S — R, an R-module M and an S-module Nj it
holds that Tors(No, M) = Tor?(N ®s R, M) (see [22, Tag 00MT7]). Setting S = Z,)[v1,v2, ..., vy,
R = Zpy[v1,v2,...] and M = Mp, this yields

Torf(N = No ®g S, M) = Tor. @22l (Ng ).

Hence, we have reduced to showing that Mp is flat over Z,[vi,va, ..., v,] for all n € N. O
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For simplicity of notation, we will write Ry, := Z,)[v1,v2, ..., v,] in what follows.
We are now in a good position to reason inductively. We aim to make use of the following lemma from
commutative algebra.

Lemma 2.66 ([I5, Lect. 16, Lem. 4]). Let R be a commutative ring containing a nonzero-divisor .
Let M be an R-module. Then, M is flat over R if and only if the following three conditions hold:

1. The element x is a nonzero-divisor on M.
2. The quotient M/xM is a flat R/(x)-module.
3. The module M[z~] is flat over R[z™1].

In order to do so, we introduce the ideal I,, := (vg, v1,...,0m-1) C B, and consider the R,,/I,-module
Mpg/I,,Mp. For simplicity of notation, we will write R,,/I,,, :== R, . Observe that Mp/IoMp = Mp,
Ryo = Zlvi,ve, ..., 00 := Ry and R, 1 = Fp,. In particular, Mp /I, 1 Mp is a flat R, ,41-module

since it is an F,, vector space. So if we could show by downward induction that Mpg/I,,Mp is a flat
R, m-module, we would get that Mp is a flat R,, module for each n which is all that remained to show.

Lemma 2.67. For any m <n+ 1, the quotient Mp/I,,Mp is a flat Ry, m-module.

Proof. As announced, we proceed by downward induction and aim to apply lemma[2.66] We have already
argued that the case m = n + 1 is clear.

As we assumed that the v; form a regular sequence on M, it makes sense to choose v,, € Mp/I,,Mp
to play the role of x from lemma Indeed, vy, is a nonzero divisior on M/(p,v1,va, ..., Vm—1)M
because it is part of a regular sequence. Flatness of B over L, ensures that v,, is also not a zero divisor
on Mp/I,,Mp = M®r,, B/(p,vi,v2,...,vm-1)M®r, B=M/(p,v1,v2,...,0m-1)M @, B. Hence,
the first condition of lemma is satisfied.

The second condition is fulfilled as by inductive assumption (Mg /I, Mg)/(vm) = Mp/I+1Mp is flat
over Ry m+i1 2 R/ (Vm)-

It remains to show that Mp /I, Mg[v,'] is flat over R, [v;,;!]. Actually, one can show that Mp /I, Mp[v;,']
is already flat over R/I,,[v,,}]. This is the content of lemma which itself requires lemmas and
theorem 2.70] Thus, modulo lemma [2.68] all three conditions of lemma [2.66] are fulfilled. O

It remains to show:

Lemma 2.68 ([I5, Lect. 16, Claim 3]). For any integer m > 0, the module Mg /I, Mg|v,,!] is flat over
R/IL,[v;].

This will in turn follow from:
Lemma 2.69 ([15] Lect. 16, Claim 6]). Every quasicoherent sheaf on M is flat.
For its proof we require the following technical statement:

Theorem 2.70 ([I5, Thm 1, Lect 14]). Let f(z,v), f'(z,y) € Allz,y]] be formal group laws of height ex-
actlyn > 0 and let S be the ring that classifies isomorphisms between f and f', i.e. S = AbE", by, ba,...]/1,
where I is the ideal generated by all coefficients in the power series f(g(x),9(y)) — g(f'(x,y)), where
g(t) = bot +b1t2 +.... Then S is isomorphic to the direct limit of a system of (injective) finite étale
maps A= A(1) = A(2) — ....

Proof of lemma[2.69 Let M € QCoh(M'). We need to show that, for every morphism f : Spec(4) —
P, [¥(M) is a flat A-module. As usual, up to replacing A by some covering, we may assume that f

factors through Spec(L) i.e. that f represents a formal group law of height m.

We first treat the case when m > 0. Let 5 : Spec(F,) = MP be a morphism classifying some formal

group law of height m. Consider the pullback diagram

Spec(S) —— Spec(F))

lf ! lﬂ

Spec(A) AN M.

Since f classifies a formal group law of height m > 0, vg = p = 0 € A ie. A is an Fp-algebra. In
particular, we can see § as a formal group law on A by including F,, into A. Then, by the definition
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of pullbacks of stacks, S classifies the isomorphisms of formal group laws between f and S. Hence,
theorem applies and gives that f’ is étale. In particular, f’ is faithfully flat. So, by lemma [2.16] it
suffices to show that f*(M) ®4 S is a flat S-module. Now comes the usual quasi-coherence argument:
F(M)y@aS=M(fof)=M(Bop')=p*(M)®r,S. Thus, it suffices to show that 3* (M) ®g, S is a flat
S-module. As (' is faithfully flat (any module over a field is flat and Spec(S) — Spec(F),) is surjective
as Spec(IF,) consists of a single point), the latter is equivalent to 5*(M) being a flat F,-module. This is
true since F,, is a field.

Let us now turn to the case m = 0. Observe that a ring A admitting a formal group law of height 0
must be a Q-algebra, since vg = p must be invertible for all primes p. Furthermore, recall that over a
Q-algebra all formal groups laws are isomorphic ([I9, Thm. A2.1.6]). Let 3 : Q — MY%, classify the
additive formal group law and consider the following pullback diagram

Spec(S) —— Spec(Q)
| J?
Spec(A) —L— MY...

It remains to show that f’ is faithfully flat, before concluding as in the previous case. Recall that
S classifies the isomorphisms between f and (3, but since all formal group laws over QQ-algebras are
isomorphic, S does not depend on f and 8. Hence, to determine .S we may assume that f classifies the
additive formal group law as well. Moreover, S is also the pullback in the following diagram

Spec(S) Spec(Q)
g
Mg
~ |

Spec(A) —— MO, — My

Here, we know that S = A®;, W ®r, Q where both A and Q are seen as L-modules via the additive
formal group law. Unraveling the definitions in the case gives S & A[b(jf, b1,ba,...] which is faithfully
flat over A as wanted. O

Proof of lemma[2.68 The pullback diagram

Spec(B) N Spec(Ly))

Spec(R) —;— Mpg x Spec(Zy))
from example 2.30] and lemma [2.31] induces a pullback diagram

Spec(B/Im[vy,']) ———— Spec(Ly)/Im[v;,'])

! y

Spec(Zy)[v1, vz, ... ]/ Im[v,]) ——————— MPq.

m

The stack M7 appears here as Spec(L/I,,[v;,!]) precisely classifies formal group laws of height m. By
lemma the Spec(L(p) /Im[v;;'])-module M/ I, Mlv,'] is flat over M. In particular,

0" (1e(M/ L M[v,'])) = M/ 1 M[v,,'] Ospec(Lp)/Imvi']) B/Iyv,,') & Mp/I,Mplv,,']

is a flat Zy[v1,va,...]/(p,v1,. .. , Um—1)[v;,}]-module as wanted. O

This was a long argument, so let us summarise the main steps again:

1. Reduce flatness of M over Mpg x Spec(Z,)) to an algebraic statement, namely to flatness of

M ®p,,, B:= Mp over Z)[vi,vz,...] (lemma [2.64). This exploits example and proposition
2.20
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2. Reduce to flatness of Mp over Z,)[vi,va, ..., v,] := Ry, for all n (lemma [2.65)).

3. Show inductively for each m < n + 1 that Mg/(p,v1,...,0m-1)Mp = Mp/I,,Mp is flat over
Zpy[v1,02, ..., 0a] /(D V1, .., Um—1) = Rpm; the base case m = n + 1 being clear because all
modules over I, are flat. The case m = 0 yields the desired statement. For the inductive step, use
an algebraic characterisation of flatness given in lemma [2.66 and the assumption of the v; forming
a regular sequence on M. The conditions given in lemma [2.66] are fulfilled because

e v, is not a zero divisor on Mp /I, Mp because the v; form a regular sequence and B is a flat
L p)-module.

o (Mp/L,Mg)/(vm) = Mp/L,+1Mp is flat over R, /(vm) = Ry m+1 by inductive assump-
tion.

o Mp/IL,Mg[v,,'] is flat over R, [v;;!] as it is already flat over R/(p,v1,...,vm—1) (lemma
2.68]). This follows from the fact that any quasicoherent sheaf over the moduli stack of formal
groups of height exactly m is flat (lemma [2.69) whose proof relied on theorem m

The converse is a lot easier. Namely, if M is an L-module that is flat over Mpg i.e. M, is flat over
Mg x Spec(Zy,)) for all primes p. By definition, this implies that ¢, (M))(q) = M(,) ®r,, B is flat
over Zy[v1,va,...]. The v; form a regular sequence on Zy,)[vi,vs,...] i.e. for each i there are short
exact sequences

‘v,

0— Z(P)[Ul’”Q""]/(p7vlv'"vvifl) — Z(p)[”h”%---]/(pyvl,...,vifl) — Z(p)[vl,vz,...]/(p,m,...,vi) — 0.

These sequences remain exact when applying (—) Oy (01,02, ] cp, (M) (q) to give exact sequences
0 —— M) /IiM) @1, B — M)/IiM) @, B —— M) /IiMg) @1, B — 0

which can be also seen as exact sequences of L,)-modules. Finally, as B is faithfully flat over L, the
v; form a regular sequence on M.

Note that this proof showed in particular that a morphism Spec(R) — Mpg X Spec(Z,) is flat if and
only if the v; form a regular sequence on R. Remembering from example that Mpg x Spec(Z,))
is also equivalent to the stack [(BP,, BP.(BP))] yields the Landweber exact functor theorem for BP:

Corollary 2.71. Let F : BP, — R be graded and let hp : hSp — Ab be the functor defined by
X — BP.(X)®pp, R. Then hr is a homology theory if for every prime p the sequence p,vy,va, ... is
regular on R.

2.4 Landweber exactness for P(n)

For each natural number n and each prime p, there is one spectrum of Adams type that is close enough
to MU for flatness over its associated to stack to be a verifiable criterion, but far enough away to not
be Landweber exact. In this subsection, we exploit the previously set up formalism to explore another
version of Landweber exactness. To our knowledge, this was first proven by Nobuaki Yagita in [26].
The approach taken here is different, but, as it follows easily from well-known results, probably also
well-known. Let us introduce our main player:

Definition 2.72. Fix a prime p. As previously, let I,, = (p,v1,...,v,-1) C m(BP) and define P(n) to
be the spectrum obtained from BP by killing Iﬂﬂ By convention, we define P(0) = BP.

Let us fix a prime p different from 2 for the remainder of this section. The case when p = 2 is slightly
different as P(n).(P(n)) has a different description at this prime 2 (see [25, Thm 2.2]). We will ignore
this case.

The homotopy groups of P(n) are easily calculated to be P(n). = F,[vy, Vpt1, .. .]. Furthermore,

3This can be formally constructed as follows for example: For each k > 0, let v : S[2(p’C —1)] — BP be a map
of spectra representing vy € o,k _qy(BP). This is adjoint to a map of BP-modules tj : BP[2(p* — 1)] — BP. Set
C(k) := cofib(ty) where the cofiber is taken in the category of BP-modules. Then, for each integer n > 0, define the
spectrum P(n) := Qpp <, C(k)
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Theorem 2.73 ([25] Thm 2.2]). For any prime p, P(n).(P(n)) is a flat Hopf algebroid over P(n),.. If
p s odd, there is an isomorphism of left P(n).-algebras

P(n).(P(n)) = P(n). ®pp, BP.(BP) ® E(ag, a1,...,an-1)

where E(ag,ai,...,a,—1) is an exterior algebra in generators a; of degree 2p' — 1. Modulo the gener-
ators a;, the Hopf algebroid (P(n)., P(n).(P(n)) is, for all primes, isomorphic to the Hopf algebroid
(BP,/I,, BP,(BP)/I,).

That (BP./I,, BP.(BP)/I,) = [(Fp[vn, Vni1s - |, Fplvn, vnt1, - - - [ut, b; | i+1 = p*])] is a flat Hopf al-
gebroid as implied in that theorem follows from the following proposition and the fact that (BP,, BP,(BP))
is a flat Hopf algebroid by proposition 2.59

Proposition 2.74 ([0, Prop. 1.4.11]). If (A,T) is a flat Hopf algebroid, then for any invariant ideal T
the pair (A/I,T/1) is a flat Hopf algebroid as well.

We can identify the stack associated to the Hopf algebroid (BP./I,, BP,(BP)[u¥]/I,).

Proposition 2.75. Let P’ : Spec(Fp[vn, U1, ...]) = Mpg be the map classifying the formal group law
L = Ly = Fplvn, vnq1,...]. As this has height > n, P" factors through M%g Denote this factorisation

by P : Spec(Fplvn, vnt1,...]) — M%g Then M%Z is an algebraic stack with presentation P and the
rigidified algebraic stack (MIZ;Z,P) is equivalent to [(BP,/I,, BP.(BP)[u*]/1,))].

Proof. This proof is analogous to the proof of proposition [1.68 and will therefore be omitted. O

Notice that the Hopf algebroid (P(n)., P(n).(P(n))[u*]) is very similar to (BP,/I,,, BP.(BP)[u*]/I,).
Only the second term differs by an exterior algebra. Hence, to understand flatness over the stack
[(P(n)«, P(n)«(P(n))[ut])], we begin by understanding flatness over [(BP./I,,, BP,(BP)u*]/I,)].

Theorem 2.76. Let M be a module over BP,/I,,. Then, M is flat over [(BP,/I,, BP.(BP)[u*]/I,)]
if and only if the elements (Vy, V41, VUnt2,...) € BP./I, form a reqular sequence for M.

Proof. The argument is exactly the same as the proof of theorem[2.43] except that now we always consider
m > n and instead of inducting down to zero we induct down to n. Let us give some more detail. Suppose
the v; form a regular sequence for M. For simplicity of notation, write BP,(BP)[u*]/I, := B,. By
1emma it suffices to show that M ®pp, /1, Bn := Mp, is a flat BP, /I,-module. Observe that B, is
a polynomial ring over BP,/I,, and is thus faithfully flat over it. The same proof as that of lemma
goes through, adapting the indices of the v;, and proves that it suffices to show that M ®pp_ /1, By is
a flat Fp[vy,, U1, ..., v]-module for all I > n. Then, we consider the ideal I, ,,, = (Vpn; ..., Um-1) € By
(which is trivial if m < n) and, for [ > m, the R,, p,; := Fplvn,...,v]/I, m-module Mg, /I, nMp, . As
before, we aim to show by downward induction on m that Mp_ /Iy, ,Mp, is a flat R,  ;-module. The
case m = n is what we want to show, the case m =1+ 1 is clear as R, ;+1,; = Fp, is a field. We apply
lemma[2.66] with « = v,,, and the argument is exactly the same as before. The converse is also analogous,
except that now we do not even need to check the p-localisations for all primes, but we just work locally
at the chosen prime. O

From this, we deduce the result for P(n).

Theorem 2.77. Let M be a module over P(n).. Then, M is flat over [(P(n)., P(n)«(P(n))[u*])] if
and only if the elements (Vp, Upt1,Vnt2,-..) € P(n)« form a regular sequence for M.

By corollary [2.28] the following is immediate:

Corollary 2.78 (Landweber Exact Functor Theorem for P(n)). Let F be a graded formal group law
of height > n over a graded ring R (i.e. some morphism P(n). — R) and let hp : hSp — Ab be the
functor defined by X +— P(n).(X) ®py, R. Then hr is a homology theory if the sequence vy, vny1,. ..
is reqular on R.

Proof of thm[2.77. By lemma the module M is flat over [(P(n)., P(n).(P(n))[u*])] if and only if
M ®p(n), P(n).(P(n))[u*] is a flat P(n).-module. As P(n). = BP,/I,,

P(n), ®pp, BP.(BP) = BP.(BP)/I, and P(n).(P(n)) = BP.(BP)/I, ® E(ap,a1,...,an-1).

By theorem M ®pry, BP.(BP)/I, is a flat P(n).-module if and only if v,, vp11,Vn2,... forms
a regular sequence for M. As M ®p(y,), P(n)«(P(n)) = M ®p(,), BP.(BP)/I, ® E(ag,a1,...,a,_1) is
a flat P(n).-module if and only if M ®p(,y. BP«(BP)/I, is, the theorem follows. O
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Example 2.79. Recall from example that Morava K-theory, K(n), is not Landweber exact as
K(n), = F,[v;] is p-torsion and, more generally, all the v; for i < n are zero. Using P(n), there is a
way to circumvent this obstruction. By theorem F,[vE] seen as P(n).-module via the morphism
Fplvn, Uni1,...] = Fp[vf] is P(n)-Landweber exact as v, is invertible in F,[v;X] and thus v,,0,...
forms a regular sequence. In particular, by corollary for any spectrum X, there is an isomorphism
K(n)«(X) = P(n)«(X) ®p(n), Fplv]. For odd primes, using theorem this gives a way to calculate
m(K(n) ® K(n)):

K(n).(K(n)) = P(n).(K(n)) @p(). Fplvy]
= P(n)«(P(n)) ®pn). Fplvy] ©p(n). Fplvy]
= P(n). ®@pp, BP.(BP) ® E(ao, a1, ..,0n-1) @p(n). F,[vi] Qp(n). Fp[v7]
~ B, [vE][t1, ta, .. ]/ (vnt? — 02't;) @ E(ag, a1, ..., an_1).

For details on the last identification, see [27, Ex.1].
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3 Elliptic Cohomology

As promised in the previous section, we will now look into how the Landweber exact functor theorem
and, more generally, the stacky formalism, give interesting spectra arising from algebraic geometry. We
would like to define a map into the moduli stack of formal groups, hence we need an object to which one
can naturally associate a formal group. A well-known source of formal group laws are elliptic curves. We
begin by introducing elliptic curves over a field and explain how these give rise to formal group laws, then
we generalise the discussion to elliptic curves over an arbitrary base scheme. Finally, we consider the
moduli stack of elliptic curves, which we will also show to be algebraic, and briefly discuss the interplay
between that and the moduli stack of formal groups. As our main focus lies on the question of how to
apply these algebro-geometric concepts to topology, we will not prove many of the theorems specific to
elliptic curves and instead give references and examples.

3.1 Elliptic Curves over a Field

Let us first consider the simple case of an elliptic curve over a field. Recall that a curve is a separated,
integral scheme of finite type over some field k and of dimenison 1.

Definition 3.1. An elliptic curve over a field k is a smooth proper curve E of genus 1 together with a
chosen base point e € E(k).

Recall that the k-rational points of E correspond to sections of the structure morphism E — Spec(k),
hence we can also think of e as such a section. This approach is important when we generalise the
notion of elliptic curve over any base scheme. In the remainder of this subsection, all elliptic curves are
implicitly defined over some field k if not stated differently.

Elliptic curves admit a nice, explicit description by the following theorem.

Theorem 3.2 (211, III Prop 3.1]). Any elliptic curve (E,e) over a field k can be embedded into P} and
is cut out by an equation of the form

Y2Z + a1 XYZ +a3YZ = X? + a2 X?Z + ay X 7% + ag Z° (1)

with [0 : 1: 0] as the chosen base point. Moreover, any smooth cubic given by an equation of this form
is elliptic.

The idea is to apply Riemann—Roch to the divisor n - e and to make dimensional considerations to get
the relation (TJ), for details see [21], ITI Prop 3.1].

Figure 1: Some examples of rational points of elliptic curves over R (|21} Fig. 3.1]).

y=23-3z+3 yv=zl+z v¥=zgd-z
A = 2160 A = —64 A =64

4
A~

Definition 3.3. Equation is called a Weierstrass equation. An elliptic curve expressed in this
equation is said to be in Weierstrass form.

The previous theorem states that every elliptic curve (over a field) admits a Weierstrass form.
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Remark 3.4. Often one gives the Weierstrass equation on the chart {Z = 1} where, dehomogenising,
it can be rewritten as
Y2 + arxy + asy = 2° + asx? + ayx + ag (2)

with z = %, y = 2. One has to keep in mind that the base point is not in this chart. We say it is at
infinity. When the curve is in Weierstrass form, the base point [0 : 1 : 0] is also denoted O and called
the origin. Observe that in this convention the line through a given point (xg,yo) on the curve and the
base point at infinity is vertical i.e. given by the equation x = x( and that the tangent to the elliptic
curve at O only intersects the curve in O.

It usually happens that one elliptic curve can be described by several Weierstrass equations. Indeed,
there are changes of variables that preserve the base point and the form of the equation. This gives an
isomorphic elliptic curve, but a different Weierstrass equation. Let us look at a specific example.

Example 3.5. When the characteristic of the field is not 2, we can simplify the Weierstrass equation
by completing the square. Equation then becomes

1

1 1
4a%)m2 + (a4 + =aja3)x + ag + —a3.

1
(y+ = (a12 + a3))® = 2° + (ag + B 4

2
Thus, getting rid of the denominators and under the change of variables y %(y — a1z — ag), this gives
the new Weierstrass equation

y? = 42® 4 (dag + a?)x? + 2(2a4 + ara3)x + dag + a3

describing the same elliptic curve. In the literature, the so-obtained coefficients are often denoted by
by := 4ay + a%, by := 2a4 + a1a3 and bg := 4ag + a%.

Luckily, these changes of variables preserving the Weierstrass equation are well understood and easy to
classify as the following proposition states.

Proposition 3.6 ([21I, Prop. III 3.1.b]). Let E be an elliptic curve over a field k. Then, any two
Weierstrass equations for E as in theorem are related by a linear change of variables of the form
X =uw?X'+7r and Y = Y’ + su?X' +t with u € k* and r,s,t € k. In other words, Zu*,r,s,t|
corepresents isomorphisms of elliptic curves in Weierstrass form.

For example, the change of variables from example corresponds to the ring map Z[u*,r,s,t] — k
defined by u+ 1, s +— %al t— %ag and r — 0.

There is a quantity whose vanishing determines whether a curve cut out by a Weierstrass equation is
smooth, hence elliptic, or not.

Definition 3.7. Given a Weierstrass equation, one defines its discriminant as the quantity

A = —bibg — 8b3 — 27b2 + bababg

where by, by and bg are as in example and bg = a%ag + dasag — arazay + a2a§ — ai.
Proposition 3.8 (|21, Prop. III 1.4.a]). A curve cut out by a Weierstrass equation is smooth if and
only if its discriminant is non zero.

The proof comes down to explicit calculations checking under which conditions and at which points both
partial derivatives of the Weierstrass equation might vanish. Figure [2| depicts the two types of singulari-
ties that can occur when the discriminant is zero. Compare this to the smooth curves from figure [1| and
the non-zero values of A given there.

We can expect to obtain formal group laws from elliptic curves because of the following theorem.

Theorem 3.9 ([I0, Thm 2.1.2]). An elliptic curve (E,e) has the unique structure of an abelian group
scheme over k with e as unity.

The proof goes by showing that the map of sets E(k) — Pic’(E), P — Og(P — e) is a bijection. This
follows easily from Riemann-Roch. Here Pic’(E) is the subgroup of the Picard group consisting of
invertible sheaves of degree zero. In particular, it has a group structure which we can pull back to F
via this bijection to make F into a group scheme. Alternatively, one can show that the elliptic curve E
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Figure 2: Rational points of Weierstrass curves over R with zero discriminant (|21 Fig. 3.2]).

Cusp: one tangent Node: two distinct
direction tangent directions

represents the functor T+ Pic?(E/T) from k-schemes to abelian groups. Here Pic’(E/T) denotes the
group of line bundles over E X T that restrict to a 0-line bundle on each fibre of the projection to T’
modulo the line bundles pulled back from T via this projection. This is the approach taken in [I0, Thm
2.1.2].

Untangling this description, remembering what divisors, Picard groups etc. represent, there is a more
explicit description for the group law at least on rational points.

Construction 3.10. Consider two rational points P, @ on the elliptic curve (E,e). Let L be the unique
line through P and Q). By Bézout’s theorem, L intersects E in a third point which we call R. It could
happen that this third point is P or () , but that is not a problem. Now let L’ be the unique line
through R and e. Again this intersects F in a third point and that third point is precisely P + Q. This
construction is summarised graphically in the following figure.

Figure 3: Illustration of the group law on rational points of elliptic curves ([2I} Fig. 3.3]).

P+Q"

P3Q®R=0

Addition of distinct points Adding a point to itself

Example 3.11. Let E be an elliptic curve in Weierstrass form and consider a point P = (xg,yg) on
that curve in the chart {Z = 1}. Let us determine an explicit formula for the inverse of P . We want
to find —P such that P+ (—P) = O, i.e. such that the third intersection point of the line through O
and R with the elliptic curve E, where R is the third intersection point of the line through P and —P
with E, is O. Such a line must be tangent to O, hence as the tangent to E at O only intersects E at
O (remark , it must hold that R = O. Hence, @ must be the third intersection point with £ and
the line through P and O. This line is vertical, given by the equation x = x¢. Hence, the x coordinate
of —P is xy and its y coordinate is the second solution to y? + a1zoy + asy = x% + agx(% + agxo + ag.
Writing (y — yo)(y — y—p) = ¥ + a120y + azy — x3 — asw3 — a4z0 + ag and solving for y_p, one finds
that —P = (J?o, —Yo — A1Xg — CL3).

In analogy to Lie algebras and Lie groups, we might expect to get a formal group law by investigating
the group structure close to the origin. Let us begin by doing this for a very simple example.
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Example 3.12. Consider the elliptic curve FE : 42 +y = 23 over Fy. One calculates that for this curve
by =0, bg = 1 and thus A = —27 = 1, so this equation does define an elliptic curve. To understand its
group law close to the origin, we first have to change to the chart {Y = 1} so that we work on an affine
open containing the origin. We achieve this via the change of coordinates z = —% = —% = —% and
w = —% = —%. Observe that under this change of coordinates O corresponds to (0,0). The equation

. 3 . 2 . . . . . .
rewrites as ﬁ — i =Zzie w= 23 4+ w?. Successively replacing this equation into itself we can express
w as a power series in z:

w=2 4w =2+ (B + ) =B+t =B (B =4S =8 S

where working in characteristic 2 greatly simplifies the calculation. One can show inductively that

w(z) = E;-’ioz?"?i = 232;’2023'(2i_1).
Can we get a formula for the group law on E in terms of this power series?

Let Z1 := (z1,w(z1)) and Zs := (22, w(z2)) be two points of E. To add them, we need to determine the
third intersection point of F with the line L through these two points. This line’s slope is given by

w(ze) — w(z1) 32— 3
A(z1,22) = B ioﬁ

Noticing that, in characteristic 2, for any natural number it holds that 25 — 27" = (21 + 22) i1 jon_12} 2,
we can rewrite A as the power series

)\(Zl, 22) = E];“;()E,H’,j:ggk,lz{z%.
The intercept of L is given by
v(z1,22) = w(z1) — A(z1,22)21

and thus L is given by the equation
w = Mz1,22)z + v(z1, 22).

The third intersection point is the third solution to the following system of equations:

w= 2>+ w?
w = Mz1, 22)2 + v(z1, 22)

i.e. we need to find the third root of 23 + (A(21, 22)z — v(21, 22))? = A(21, 22)2 + (21, 22). We know that
z1 and z9 are solutions, hence it suffices to solve

(z—21)(z — 22)(2 — 23) = 25 + (M(21, 22)2 — v(21, 22)) — A(21, 22)2 — v(21, 22)

for z3. The quadratic term gives the equation z; + 2o + 23 = A(z1, 22)? ie. 23 = —21 — 22 + A(z1, 22)%.
So the third intersection point is given by

Z3 = (—z1 — 22 + (21, zz)Q,w(—zl — 29 + A(z1, ZQ)Z)).

To get the sum of the first two points, we need to find the third intersection point of E and the line
through O and Zs, i.e. the inverse of Z3. In the z, y coordinates, it was calculated in example [3.11] that
the inverse of a point (z,y) € E is given by (z,—y — 1). What does this become under the change of
coordinates to z and w? Observe that x = Z and y = —i. Hence, we can express both = and y as

Laurent series in z. More precisely,

z z

1 3 6 12 24
w(z) B 2322?2023'(21'—1) _;(1—’_2 AR A D

using that (252023'(27:*1))(1 + 2?2023-21') = 1 which can be shown inductively. Similarly, one gets that

1 N
y(z) = 2*3(1 +E2,2%7).
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The inverse iz of some point Z := (z,w) can be obtained by calculating its inverse in z,y coordinates
z(iz) _ _ =(Z)

and changing the variables back again as z(iz) = i = ST

In particular the z-coordinate of the
inverse of Zs, which we denote i(z3), is given by

z(23)
—y(z3) — 1

1
14+23 4204212 422 ¢ (0 + ¥4 %) 4+ 1)

i(z3) =

2l
21+ 234+ 28+ 21242244 )

1+ 23426+ 21242244 . 428
21+ 284+ 2124..) + 223
14284212 4224 4 .,

o

14264212 4224 4.

=24+ 2214828 22 5 ).

:Z+

Hence the inverse of Zs, i.e. Zy + Zs, is given by
(23 +25(1+ 28+ 238 + 232 + 250 4+ .. = (i(23), w(i(23)).

In particular, the addition of Z; and Zs is entirely determined by the power series w(z) and i(z). This
gives a power series

F(z1,20) = i(23(21, 22)) = i(z14224A(21, 22)%) = 2120+ A (21, 22) (21 H20 A (21, 20) ) - (21 + 22+ A (21, 22)°) O
We had calculated that
A(z1, 22) = z% + 2122 + zg + zf + zlzg + z%zg’ + zf’zg + zfz% + zg + z%l +....
Matching the degrees gives that
F(z1,20) = 21 + 20 + 2222 + 2228 4+ 2125 4 2925 + 2822 + terms of total degree at least 16 4. ...

where the term of total degree 4 comes from A2, the other terms of degree four, 2 and 23, appear twice,
once in A% and once from (z1 + 22 + A(21, 22)%)* and cancel out, the terms of degree 10 are the terms of
degree 5 in A which are then squared. These will not cancel out because all other degrees are higher.

The power series F(z1, 22) is the z coordinate of Z; 4+ Z5, this implies that
F(21,0) = F(0,21) = (Z1 4+ 0), = 21,
i.e. F' is unital and that
F(21,22) = (Z1 + Z2). = (Z2 + Z1). = F(Z2, Z1),

i.e. F is commutative. By the same argument, F' is also associative (F'(z1, F(22, 23)) = F(F (21, 22), 23))
because the group structure on the elliptic curve is. In other words, we have just associated a formal
group law to the elliptic curve E : y? +y = 23 over Fy and we could even calculate its values explicitly
(up to an arbitrary degree).

This method can be generalised to obtain a formal group law from any elliptic curve in Weierstrass form
over a field. In more detail, given such a curve, one first changes to the coordinates z, w and expresses w
as a power series in z. The first few terms admit reasonably nice expressions in terms of the a; from the
Weierstrass equation (see [21], IV 1.1]). Then, one calculates the equation of the line between two points
Z1 and Z5 and finds the third point of intersection Z3 of the curve with that line. One expresses x and y
as Laurent series in z, w to compute the inverse of Z3. The z-coordinate of this inverse is a power series
in z1, z9. By the discussion at the beginning of this paragraph, this power series is a formal group law.
Details to the calculations are given in |21} IV.1]. In particular, the general expression for the first terms
of the formal group law associated to a general elliptic curve in Weierstrass form as in is given by

F(21,20) = 21 + 22 + 2 — a1 2120 — ag(2320 + 2122) + (2a323 25 + (a1ag — 3a3) 2325 + 2a32125) +.... (3)

Of course, this formula coincides with the calculations from example
In the next subsection, we will briefly discuss how one could derive the existence of these formal group
laws from geometric considerations and what the underlying formal groups are.
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Remark 3.13. If one defines a; to have degree 2i, it can be shown that the formal group law obtained
above is graded (see [2I, Prop IV 1.1] and [16], Prop. 3.28]).

Let us understand the heights of the formal group laws just constructed. We begin by going back to the
curve from example [3.12

Example 3.14. Recall from example that the formal group law associated to y? +y = 3 is given
by

F(21,22) = 21 + 20 + 2325 + 2225 + 2125 4+ 2825 + 2822 + terms of total degree at least 16 + . ...
As we are working at the prime 2, it suffices to calculate
[2]F(2) = F(z,2) = z* + terms of total degree at least 16

to determine the height of this formal group law. One reads off that vy = 2 = 0 (as expected), v1 = 0
and vy = 1. Hence this is of height 2.

What about another curve?

Example 3.15. Let us look at the height of the formal group law associated to y2 +zy = 2% 4+ 1 over
F5. By equation , its associated formal group law begins as

F(z1,20) =21+ 22— 2120 + .. ...
In particular, [2]p(2) = 2% + ... and this formal group law is of height one.

We have seen an example of a formal group law associated to an elliptic curve of height 1 and of height
2. This is all that can happen:

Theorem 3.16 (|21, Cor. IV 7.5]). Let k be a field of positive characteristic and E an elliptic curve
over k. Then the formal group law associated to E has either height 1 or height 2.

There are several ways to prove this, most of which build on the fact that the multiplication by n map,
[n] defined by sending a point to its n-fold addition, is finite, flat and of degree n? ([16, Prop. 4.11]).
Then, one can for example show that in characteristic p, the quantity p"(?D is bounded by the degree
of [p]. This is a special case of [2I, Thm IV 7.4]. For an alternative, more algebraic proof, using the
notion of formal completion (definition we refer the reader to [I6, Prop. 4.12].

Definition 3.17. An elliptic curve whose associated formal group law has height 1 is called ordinary.
If it has height 2, it is called supersingular.

Beware that a supersingular elliptic curve, being an elliptic curve, is still smooth and not singular. Here
supersingular should be understood to mean rare as justified by theorem [3.20
The following theorem gives a useful criterion to determine whether an elliptic curve is supersingular.

Theorem 3.18 ([21, Thm. 4.1 a)]). Let F, be a finite field of characteristic p with p > 3 and E be an
elliptic curve over B, given by a Weierstrass equation of the form y*> = f(x) where f(x) is a separable

cubic. Then, E is supersingular if and only if the coefficient of 2P~ in f(as)prl 1S zero.

We will use this theorem to understand for which primes p the curve y%+y = 2? is supersingular over F,,.

The characteristic 2 case was considered in example[3.15] where we had shown this curve is supersingular.

Example 3.19. Recall from example that when the characteristic of the base field is different from
2, we can simplify the Weierstrass equation by completing the square. In this case, the change of variables
given in that example transforms the curve y2 + y = x> to the isomorphic curve E : y? = 423 + 1. One
easily calculates that the discriminant is given by Agp = —27. Thus, when the characteristic is also
different from 3, E defines an elliptic curve. By theorem E is supersingular over IF'p for some prime

_ p—1l p-1 p—1
pif and only if (423 +1)"> =%, 2, ("2 )(42®)* has no term of degree p—1. As p cannot divide ("7 )4*
as all the factors are strictly smaller than p, (423 + 1)}72;1 has a term of degree p — 1 if and only if there
exists k such that 3k = p—1. That is F is supersingular over I, if and only if p =1 mod 3, so roughly at

about half of the primes (to make this precise, see the Dirichlet theorem and the discussion on Dirichlet
density, for example in [24]).
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It is true in general that any elliptic curve associated to a Weierstrass equation with coefficients in Z is
supersingular for infinitely many primes, but also ordinary for infinitely many primes (see [2I), Exercise
V 5.11]). A curve with complex multiplication (i.e. whose endomorphism ring is strictly bigger than
Z, see [21, Rmk. IIT 4.3]) will, as the previous example suggests, be supersingular at about half the
primes (see [21I, Example V 4.5 and after] for a discussion and references to more precise results). For
curves without complex multiplication, the supersingular primes are much rarer but still infinite as the
following two theorems due to Serre and Elkies imply:

Theorem 3.20 (21, Thm. V 4.7]). Let E/Q be an elliptic curve without complex multiplication. Then
the set of supersingular primes has density 0.

Theorem 3.21 (21, Thm. V 4.9]). Let E/Q be an elliptic curve without complex multiplication. Then
there are infinitely many primes p for which E/F, is supersingular.

The following two results show that over F,, ordinary elliptic curves are way more abundant than super-
singular ones. This will be important when dealing with Landweber exactness.

Theorem 3.22 (21, Thm. V 4.1.c]). Up to isomorphism, there are at most [{5]+2 supersingular elliptic
curves over IFp,.

Proposition 3.23. There are infinitely many ordinary elliptic curves over Fp.
For the proof of this proposition, we introduce the following invariant.

Definition 3.24. Given a smooth Weierstrass equation, one defines its j-invariant as the quantity
j = (b3 —24b4)3 /A where by and by are as defined in example and A is the discriminant.

One can verify by (tedious) calculations that the j-invariant stays unchanged under a change of coordi-
nates like that of proposition i.e. it is an invariant of the isomorphism classes of elliptic curves (see
[21, TIT Table 3.1]). Hence, it deserves the name invariant. Over algebraically closed fields more is true:

Proposition 3.25 ([2I, Prop. III 1.4.b,c]). Two elliptic curves are isomorphic over an algebraically
closed field k if and only if they have the same j-invariant. Moreover, for any jo € k, there exists an
elliptic curve over k with j-invariant jo. In other words, over algebraically closed fields, the j-invariant
defines a bijection between the isomorphism classes of elliptic curves over that field and the field itself.

With these tools at hand, the proof of proposition [3.23]is very easy.

Proof. By the previous proposition, the j-invariant gives a bijection between isomorphism classes of
elliptic curves over F, and elements of I_Fp. In particular, there are infinitely many elliptic curves over
F,. As by theorem only finitely many of them are supersingular, the infinitely many others must
be ordinary. O

3.2 Elliptic Curves over general Base Schemes

Now that we have a way to obtain interesting formal group laws, we would like to use them to construct
interesting spectra via the Landweber exact functor theorem. However, so far, we have only considered
elliptic curves over fields and hence also only obtained formal group laws over fields. So, unless the
field is of characteristic 0, we have no chance of verifying Landweber exactness as the base field always
contains torsion. Fortunately, there is a way to make sense of an elliptic curve over a general base scheme.
This subsection begins by defining elliptic curves over general base schemes and then moves on to giving
results on Landweber exactness of elliptic curves.

Definition 3.26. Let S be a scheme. An elliptic curve E over S is a smooth proper morphism p : ' — §
with a section e : S — E such that for every morphism z : Spec(k) — S with k algebraically closed,
z*(F) is an elliptic curve over k.

In other words, an elliptic curve over a scheme S is a scheme over S with a nice enough structure
morphism such that all its geometric fibers are elliptic curves with compatible base points (all pulled
back from the same section).

Elliptic curves over general base schemes keep many properties of elliptic curves over a field. For example,
they locally still admit a description in terms of Weierstrass equations.
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Theorem 3.27 ([I7, Thm. 4.5]). For every elliptic curve E over S, there exists an open Zariski cover
{U; = Spec(R;)}; of S such that each base change E xg U; has a Weierstrass form (i.e. it can be
embedded into P, and cut out by equation with A invertible).

This implies the following lemma.

Lemma 3.28. Any elliptic curve corresponds locally to a morphism from Zla,as, . ..,as, A7) to some
ng.

Proof. Consider an arbitrary elliptic curve E over some scheme S. By theorem [3.27} there is an open
cover {Spec(R;)}; of S such that Elgpec(r,) is in Weierstrass form, i.e. cut out by an equation

y2 + a1y + asy = 23 + aox? + duz + ag

with each a; € R;. This equation corresponds to the morphism Z[ay, ..., ae, A7 — R; sending aj to
aj. O

Remark 3.29. By the previous lemma any elliptic curve in Weierstrass form can be obtained as a
pullback from the curve corresponding to idyjq, ... a5,a-1) and any elliptic curve locally corresponds to a
pullback from that curve. The curve corresponding to idy[,, ... a5,a-1] 18 cut out by

y2 + a1y + asy = x> + a2x2 + a4x + ag
when embedded into P%[al ot A1) denoted E"™V and called the universal Weierstrass curve.

The other property that is preserved over general schemes is the group structure:

Theorem 3.30 ([10, Thm 2.1.2]). Every elliptic curve over some base scheme S has the unique structure
of a group scheme over S with unit e.

These observations suggest that one should be able to associate a formal group F to a given elliptic
curve F over some scheme S. Roughly, by theorem locally, E is in Weierstrass form over some
ring R; and we have seen in example and the following discussion how to associate a formal group
law to an elliptic curve in Weierstrass form. This formal group law corresponds to a choice of global
section/coordinate and a group structure on the formal scheme Spf(R;[[z]]). One is then able to glue
these different formal schemes and their group structures together (as they came from a compatible open
cover) to get a formal group F associated to E. This idea is made rigorous with the following definition.

Definition 3.31. Let X be a scheme over S with an ideal sheaf I C Ox which corresponds to a closed
subscheme. The formal completion X; of X at I is the functor Sch®? — Sets defined by

X;(Y)={f:Y — X : f*(I) locally nilpotent},

where by locally nilpotent we mean that there exists an open cover such that f*(I) pulled back to every
open of that cover is nilpotent.

Remark 3.32. Observe that if X is an affine scheme Spec(A) so that T corresponds to an ideal, also
denoted I, of A, the formal completion X coincides with colim,, Spf(A/I™) := Spf(Ar).

Elliptic curves have a natural closed subscheme at which one could complete: the image of the unit
section. The section e : S — E is a closed immersion as by assumption F is separated i.e. its diagonal
is a closed immersion and e is obtained as a base change of the diagonal as depicted in the following
diagram

S —=——E

L

F —— ExgFE.

(id,eop)

One can show that the group scheme structure on E endows the completion of E at the closed subscheme
cut out by e with a group structure. Even more:

Theorem 3.33 ([I6, Thm. 3.8]). The formal completion of an elliptic curve E at the closed subscheme
cut out by the section e is a formal group.
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If E is an elliptic curve defined over a field k, it is not difficult to see that the the formal completion
at e is Spf(k[[z]]) i.e. it is a coordinatizable formal group. Indeed, it suffices to consider the formal
completion of some affine open Spec(B) around the rational point e, which corresponds to some prime
ideal p of B. By remark the formal completion B’p coincides with Spf (BP). By construction, Bp
is a complete, local ring containing k. Smoothness ensures that it is also regular (if we choose Spec(B)
small enough around e) and the fact that curves are of dimension 1 implies that it has Krull dimension
1. By Cohen’s structure theorem, B, is thus isomorphic to k[[z]]. More generally, one can show that
for an elliptic curve in Weierstrass form over a ring R, the Weierstrass equation defines an isomorphism
between the formal completion of the elliptic curve at e and A}% using the expression of w in terms of z
from example see [16], Section 3.8].

Definition 3.34. Given some elliptic curve E, we define the formal group associated to E, denoted by

E, as the formal completion of E at the closed subscheme cut out by e.

This gives a way to associate a morphism Spec(R) — Mpg to any elliptic curve E over Spec(R) by
defining the morphism to be the one corresponding to the formal group E. The algebraic Landweber
exact functor theorem (thm. gives a criterion for when this morphism is flat. In our case, this
criterion can be simplified further:

Theorem 3.35 ([16, Thm 4.16]). Let E be an elliptic curve over Spec(R). Then the corresponding
formal group is Landweber exact i.e the morphism Spec(R) — Mpg corresponding to E s flat if and
only if R is torsion free and vy is a non-zero divisor on R/p for all primes p.

Moreover, if R is an integral domain, it suffices to show that, for every prime p, there exists a morphism
f: R— k with k a field of characteristic p such that f*(E) is an ordinary elliptic curve over k.

Proof. As it suffices to check these conditions on the localisations at every prime p, let us assume without
loss of generality that R is p-local. In view of the algebraic Landweber exact functor theorem ,
the formal group is Landweber exact if and only if the v; form a regular sequence. The claim now is
that it suffices to check that vy and v; are regular. Indeed, we claim that ve is a unit in R/(p,v1).
Then, R/(p,v1,v2) = 0 and the regularity condition for the other v; is trivially satisfied. The claim is
proved by contradiction. Suppose vy was not a unit in R/(p,v1). Then, there exists some maximal ideal
m C R/(p,v1) containing vy. Consider the quotient morphism q : R/(p,v1) = R/(p,v1)/(m) := k. Then,
the elliptic curve ¢*(E) over k has a formal group law of height strictly greater than 2 as ¢ induces a
morphism of formal group laws which maps v¥ to vf*(E). This contradicts theorem

The second part follows by the same observation that vzf "B fE). If f*(E) is an ordinary elliptic

curve, then v{ (B # 0 and as f is a ring homomorphism this implies that v¥, being the preimage of a
non trivial element, could not have been trivial either. If R/p is a domain, this implies v is not a zero

divisor. O

Consider an elliptic curve E over some ring R that is in Weierstrass form (so that its associated formal
group is coordinatizable, i.e. gives a formal group law) and suppose its associated formal group law
is graded. If the formal group law F' : MU, — R associated to E satisfies the conditions of theorem
by the Landweber exact functor theorem (cor. , one obtains an associated homology theory
EllY - hSp — Ab, X — MU.(X) ®pmy, R where the MU,-module structure on R is given by F' and an
associated homotopy commutative ring spectrum as explained in section [2.2]

Definition 3.36. The homology theory EllF thus constructed is called an elliptic homology theory.

Example 3.37. e As Q/p = 0 for all primes p and Q is torsion free, any elliptic curve over Q is
trivially Landweber exact. However, as all formal group laws over Q are isomorphic to the additive
one, we will not get any interesting spectra from these elliptic curves. We will always get a rational
spectrum.

e Consider the elliptic curve E : y? +y = 2 from example now as elliptic curve over Z. As any
ring map f : R — k with k a field of characteristic 2 must be unital, f*(FE) is given by the equation
y? +y = x> now seen as curve over k. Recall that we have seen that this curve is supersingular
over any field of characteristic 2. In particular, there is no ring map f : R — k with £ a field
of characteristic 2 such that f*(E) is an ordinary elliptic curve and, by theorem the formal
group law associated to F is not Landweber exact.
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e In view of theorem the problem described in the last point will appear for any elliptic curve
over Spec(Z) as it will be supersingular at infinitely many primes. However, E will be Landweber
exact if we force all the primes at which FE is supersingular to be invertible, i.e. if we consider F
over the ring Z[% | E supersingular at p].

These examples hint at the fact that the art to get interesting spectra from elliptic curves is closely tied
with the art of choosing nice enough rings over which the elliptic curves live. Popular choices are the
ring of p-adics or the p-adics adjoin certain elements. However, the situation is not as bad as the above
examples might lead to believe: some elliptic curves are “universally” Landweber exact.

Example 3.38. Consider the universal Weierstrass curve E"™ from remark over Spec(Z[ay, . . ., ag, A7Y]).
This is Landweber exact. Indeed, by the second part of theorem [3.35] it suffices to show that for every
prime p, there exists some morphism f : Zlai,...,a6, A™'] — k where k is a field of characteristic p

such that f*(E"™V) is an ordinary elliptic curve over k. But by construction, any elliptic curve over k

can be obtained from a suitable pullback of the universal Weierstrass curve. By proposition we
know that there exists an ordinary elliptic curve over each IF‘p for p any prime so we can simply choose
f:Zai,... a6, A71] — F, classifying any ordinary elliptic curve we like.

This universal example screams out for an interpretation using the language of stacks. As we will see in
the following section, this can be formalised.

3.3 The Moduli Stack of Elliptic Curves

In this section, it is discussed how elliptic curves assemble into an algebraic stack. Then, the Landweber
exactness of the universal Weierstrass curve is reinterpreted as flatness of a certain map of stacks (theorem
3.43).

From now on, we will write A := Z[ay, ..., ag, A™] for simplicity of notation.

Definition 3.39. The moduli stack of elliptic curves Mgy is the stack which associates to an affine
scheme Spec(R) the groupoid M. (Spec(R)) whose objects are elliptic curves over Spec(R) and whose
morphisms are isomorphisms of elliptic curves.

In the same way as for the definition of Mg (def. [L.67), it is not at all clear why the moduli stack of
elliptic curves forms a stack. Again, it is not too hard to show that it is a prestack, i.e. that the presheaf
of isomorphisms is a sheaf. Uniqueness/faithfulness of the glueing essentially amounts to the fact that
the fpqe-topology is subcanonical and existence of the glueing/fullness follows from the fact that each
elliptic curve is a sheaf on the fpqc site (see [I7, Lem. 3.3]). The effective descent condition is more
involved as, a priori, the glueing of schemes given on a fpqc-covering might not be a scheme (but only a
stack as we know for example from Mpg). With some care, one can show that for the case of elliptic
curves this does work out, using the section they come with. A detailed account of this can be found in
[I7, Thm. 3.2].

Theorem 3.40. The moduli stack of elliptic curves Mgy is algebraic. Moreover, the morphism classi-
fying the universal Weierstrass curve, f : Spec(A) = M.y, is a presentation and (Mey, f) is equivalent
to [(A, Alr, s, t,u™])] under the equivalence of theorem with r,s,t and w as in proposition .

Proof. This is similar to the proof of proposition [1.68] To show that M, is algebraic, we need to check
that f : Spec(A) — M,y is affine and faithfully flat. The rest of the statement follows if we prove that
Spec(A) x ., Spec(A) = Spec(Alr, s, t,u]).

Consider any morphism g : X — M with X a scheme. Let us denote the elliptic curve corresponding
to g by E. We want to show that the fibre product X x a4, Spec(A) is also a scheme and that the base
change of g against f is affine and faithfully flat.

Let us begin by considering the case where X = Spec(R) is affine and where F is in Weierstrass form.
Let Spec(B) be some affine scheme. By definition, an element in Spec(R) X 1., Spec(A)(Spec(B)) is a
triple

ell

(h:R— B,h': A— B,¢: g(h) = f(I')).

This data is equivalent to the datum of a morphism A& : R — B and an isomorphism ¢ : h*(E) — E’
of elliptic curves over B with E’ the elliptic curve in Weierstrass form corresponding to h’. From the
description of isomorphisms of elliptic curves in Weierstrass form (see proposition , we know that ¢
is classified by elements r, s, t, u in R with « invertible. Hence, the datum (h : R — B, ¢) is precisely
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a morphism h” : R[r,s,t,u™] — B i.e. an element in Spec(R[r,s,t,u™])(Spec(B)). Summing up, we
have shown that Spec(R) x a4.,, Spec(A) = Spec(R|[r, s,t,u*]) and in particular that the base change of
g along f is faithfully flat and affine in this case.

Now, let us go back to our general g : X — M,y. Recall from theorem [3.27] that any elliptic curve

is Zariski locally in Weierstrass form i.e. X admits a Zariski open cover {Spec(R;) ~» X} such that
E|spec(r,) has a Weierstrass form. By the previous paragraph, the fiber product F' := X X x4,,, Spec(A)
admits a Zariski open cover given by {Spec(R;[r,s,t,u*]) = Spec(R;) X r,,, Spec(A)}. Hence, F is a
scheme. Moreover, as affine and faithfully flat are properties that can be checked locally on the target
and the morphism F' — X is locally given by Spec(R;[r, s, t,u®]) — Spec(R;), the base change of g along
f is affine and faithfully flat as needed.

Hence, (M., f) is arigidified algebraic stack. By the same argument as above, Spec(A4) X 1., Spec(A) =
Alr, s,t,u*] and we conclude by the proof of theoremthat My is equivalent to the stack associated
to the Hopf algebroid (A, A[r, s, t,u™]). O

Remark 3.41. If one accepts that M.y, defines a stack, then the Hopf algebroid structure on (A, A[r, s, , u™])
is given by theorem However, one could also show independently that (A, A[r, s, t,u™]) admits a
Hopf algebroid structure and then take the moduli stack of elliptic curves to be defined as the stack
associated to that Hopf algebroid. This has the advantage that one does not have to take the fact that
definition [3.39| really defines a stack for granted, but the disadvantage that the geometric description
might be slightly unclear. The Hopf algebroid structure on (A, A[r, s, t,u™]) is detailed in [4, Sec. 3].
Let us mention that the left unit 7z is given by the inclusion A — A[r,s,t,u™], the right unit classifies
the elliptic curve obtained from the universal Weierstrass curve and the universal change of coordinates

z vz +rand y — udy + sz +t.

It is now time to give the promised example of a morphism of stacks that is not representable.

Example 3.42. The j-invariant introduced in definition [3.24] defines a morphism j : M — Spec(Z[z]),
locally mapping an elliptic curve to its j-invariant. This morphism cannot be representable. If it were,
the fibre product Mei; X j spec(z(z]),id SPec(Z[x]) = My must be equivalent to a scheme. This cannot be.
Indeed, if it were equivalent to a scheme, for each affine scheme Spec(R) the groupoid M. (Spec(R))
would be set valued. In particular, any ellitpic curve could only have the identity as automorphism. This
contradicts the fact that [—1], multiplication by —1, defines a non-trivial automorphism on every elliptic
curve.

The stacks M, and M pg are related by the morphism that sends an elliptic curve to its associated
formal group. This morphism has nice properties.

Theorem 3.43. The morphism ® : Mgy — Mpg that sends an elliptic curve to its associated formal
group is a flat morphism of stacks.

For the statement of this theorem to even make sense, we need to first argue why @ is representable.
This will follow from the following lemma.

Lemma 3.44 ([22] Tag 046T)). Given a ring map f : A — R, consider its induced morphism of
Hopf algebroids f : (A,A) — (R,R ®4 R) and the corresponding morphism on the associated stacks
[f] : (R, R®4R)] — [(A, A)]. If f is faithfully flat, the induced morphism [f] is an equivalence of stacks.
In particular, [(R, R ®4 R)] is equivalent to a scheme.

Proof. The structure maps of (R, R ®4 R) correspond to the various projections as described in lemma
Then, the lemma is a special case of [22], [Tag 046T]. Roughly, in [22] Tag 046S] it is shown that [f]
is always a monomorphism and faithful flatness ensures it is an epimorphism. Then, one concludes by
remark The special case considered here appears in the proof of [22] Tag 04ZN]. The cited lemmas
are not too hard to prove, but they require the introduction of several new concepts, in particular that
of restriction of groupoids; see [22, Tag 044A]. O

Remark 3.45. Beware that under the assumptions of lemma m [f] is only an equivalence in the
category of stacks, but not in that of rigidified algebraic stacks. Indeed, by theorem m [f] can only
be an equivalence of rigidified algebraic stacks if f is an equivalence of flat Hopf algebroids. In general
however, we might not even have a morphism R — A that would be needed to construct an inverse to
f. However, by remark these Hopf algebroids will be weakly equivalent.

We can now show that & is representable and flat.
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Proof of theorem[3.43 We first show that ® is representable. We will even show more, namely that
it is affine. Observe that (L[Uit,u27u3,u4]7W[U%,UQ,U?,,U;L}) defines a flat Hopf algebroid where the
structure maps come from those of (L, W) extended by mapping the u; to themselves. We can factor
the presentation ¢ : [(L,L)] — [(L,W)] & Mpq corresponding to the universal formal group through
the stack [(L[ui, ug, us, ua], W[ui, ug, us, us])] as follows. There is a morphism

[Z] : [(L[uli’u27u37u4]’W[ulivu27u37u4])] - [(L’W)]

corresponding to the morphism of Hopf algebroids 7 given by the inclusion of L into L[uiﬁ7 Uz, U3, ug] and
the inclusion of W into W[u%, Uz, ug, ug]. Moreover, define

a: [(L7L)] — [(L[uit7u27u3vu4]7W[uit7u2vu37u4])]

to be the morphism corresponding to ev; : L[uli,uQ,u;;,w;] — L which is the identity on L and sends
the u; to 1, seen as object of [(L[uT,ug, us,us], W[u, ug, us, us])](Spec(L)). Observe that [i] o a = c.
Indeed, by remark both morphisms are determined by where they send idy,. By defintion, ¢(idy,) is
the universal formal group law which is represented by id;, and by construction

[i] o a(idy) = i(evy) = evy 0 = idp,

as was to be shown.

By Corollary to show that @ is affine, it suffices to check that the fibre product My X @ i pq.cSpec(L)
is equivalent to an affine scheme. By the previous discussion, this fiber decomposes as the following
diagram of 2-cartesian squares:

Mol Xo Mpg,c Spec(L) Spec(L)

| J»

P [(L[uliauQau?nudaW[uliau27u37u4])}
+

IE
[A, Alu™,r,s,t]] [(L,W

)l

As the stack [(L[ui, ug,us, ua), Wui, ug, us,u4])] is algebraic, by remark [1.18] it suffices to show that
P is equivalent to an affine scheme. By remark

P=[(Aer W ®r L[ui, us, us, ug), Alu™, 7, 5,t] @, W @1, Wui, ua, us, us))
[(A[uitau%u&U4Hb(:)tab17b2; .- ~}7A[ui,r,sat][b6tvbl7b2a s 7u:1t7u27u3au4atét,tlat27 . ])]

[(A[ui,r,s,t][boi,bl,bg, .. .},A[ui,r,s,t][bg,bl,bg, ] ®a A[ui,r,s,t][b(jf,bl,bg, )

i

IR

As the inclusion A — A[u®,r, s, 1] [b(:)t,bl,bg, ...] is faithfully flat, lemma applies and gives that
P~ [(A, A)] = Spec(A) as desired.

Now that it makes sense to ask about flatness of @, let us see what one can say. As by theorem [3.40] the
presentation f : Spec(A) — M,y is faithfully flat and as flat satisfies faithfully flat descent, it suffices
to show that ® o f is flat. This morphism is the one corresponding to the formal group law associated
to BV, We have seen in example that this elliptic curve is Landweber exact. This concludes the
proof. [

This statement is not only conceptually nice, but also gives another way to construct Landweber exact
formal group laws. Indeed, any flat morphism g : Spec(R) — Spec(A) gives rise to a flat morphism
®o fog:Spec(R) = Mpg. Of course, such a morphism will classify a Landweber exact elliptic curve,
so in that sense we get nothing new, but checking flatness of g might sometimes be easier than checking
the conditions of Remember that at the beginning of subsection we had discussed that, to
construct a new homology theory from MU by tensoring with MU, it would suffice to consider any ring
R that is flat over L. Then we had observed that flatness over L is very restrictive as L is an infinitely
generated polynomial ring. Now we have reduced to checking that R is flat over A which is only a
polynomial ring with six generators. While maybe still restrictive, this is a lot better than the first
naive condition. One can also show that the morphism Spec(Z[$][b2, by, bs, A71]) — My classifying
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the curve in the simplified Weierstrass form from example is flat (see [16, Ex. 4.18]). Then we
reduced to flat rings over Z[3][b2, bs, bg, A~'] which is even one generator less. Even better, one can
show that in characteristics different from 2 and 3, the Weierstrass equation can be further simplified to
an expression with only two variable denoted by ¢4 and cg (see [21, Sec. IIL.1]) and that the morphism
Spec(Z[§][ca, cg, A7) — My classifying this Weierstrass curve is flat as well. Then, we reduced to
checking flatness over Z[¢][cs, g, A™'] which is a lot smaller than the Lazard ring.

Remark 3.46. The previous observations are the starting point for the construction of topological
modular forms. At this point, we have all the tools to construct a functor from the Grothendieck subsite
of flat affine schemes over M, to hSp. The Grothendieck subsite of flat affine schemes over M, is
the subsite of Aff /M.y whose objects are flat morphims E : Spec(R) — Mgy. This functor maps an
object E to the spectrum corresponding to the elliptic homology theory ElIF associated to E (i.e. the
homology theory corresponding to ® o f o F). For details on how to define this on morphisms, see [5, Ch.
4.3]. Functoriality is ensured by the fact that for a given spectrum X, the (MU,, MU,(MU))-comodule
ElIZ(X) corresponds to a quasicoherent sheaf on Mpg. We would like to extend this functor to the
entire fpqc-site over M; i.e. to also allow for morphisms from general schemes to M,;; and to lift it to
the infinity category of spectra. As by proposition EllF corresponds to a homotopy commutative
ring spectrum, it seems reasonable to want such a lift to land in C'Alg, the F-ring spectra. Once we
have a lift to Sp, the extension to the entire fpqc-site can be achieved by right Kan extending this lift.
Goerss, Hopkins and Miller have successfully constructed such a lift, but from the small étale site of M.
This is the sheaf O"P : My era1e — CAlg; see [5, Ch. 12]. The global sections of this sheaf, O"P (M)
give a spectrum TMF; see [B, Ch. 4, Rmk 4.4]. This opens up a whole new world of homotopy theory,
which is not the topic here. For more on this, see [16], Sec. 5] and [I4].
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