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1 Introduction
Before diving into the maths, let us jump back to 19th century Ireland where a certain Sir
William Hamilton was trying to "multiply triplets". By triplets, he meant what we nowadays
refer to as three-dimensional real vectors (i.e. an element of the vector space R3) and by
multiplication, a distributive law without zero divisors. Every morning at breakfast his sons
asked him "Well, Papa, can you multiply triplets?" and every morning he was forced to reply
"No, I can only add and subtract them" (see [8] for more details). Eventually, he gave up
on triplets and focused on the situation in four dimensions. There, he was more successful
and discovered the quaternions. In these notes, we will learn why Hamilton could never have
succeeded in multiplying triplets. Indeed, we will explain the proof of:

Theorem 1.1. Unless n = 1, 2, 4, 8, there exists no real division algebra structure on Rn.

To make sure we are all on the same page, let us recall the definition of real division algebra.
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Definition 1.2. A real division algebra structure on Rn is a bilinear (with respect to addition
and scalar multiplication coming from the vector space structure), continuous map

µ : Rn × Rn → Rn

such that for all x ∈ Rn − {0} the maps µ(x,−) and µ(−, x) are injective (and hence, for
dimension reasons, invertible). In other words, the existence of zero divisors is not allowed.

Remark 1.3. 1. Even though it might be unclear from the definition, the terminology di-
vision algebra makes sense as we can modify µ so that there is a unit and all non-zero
elements are invertible with respect to that unit. Indeed, choose any unit vector e ∈ Rn

and construct a linear isomorphism φ : Rn → Rn taking µ(e, e) to e. This can be done for
example by completing both {e} and {µ(e, e)} to bases of Rn and defining φ by mapping
µ(e, e) to e and pairing the other basis elements in any way. By composing with φ, we
may, without loss of generality, assume that µ(e, e) = e. Now, for simplicity of notation
write α = µ(e,−) and β = µ(−, e). Recall that both these maps are invertible. Finally,
the map

µ̃(x, y) := µ(β−1(x), α−1(y))

satisfies µ̃(x, e) = µ(β−1(x), e) = β ◦ β−1(x) = x and similarly µ̃(e, y) = y. Hence, e is
the unit for µ̃. Moreover, the maps µ̃(x,−) and µ̃(−, y) are injective as composition of
injective maps. Hence, for dimensional reasons, they are surjective. In particular, there
exist some elements a, b ∈ Rn such that µ̃(x, a) = e = µ̃(b, x) i.e. left and right inverses
exist. The observation that we can without loss of generality assume µ to be unital will
be important in what follows when we connect this result to topology.

2. The requirement that there are no zero divisors is what makes it hard to find such a
structure. Indeed, this is why the naive approach of coordinate wise multiplication for
example does not induce a division algebra structure.

3. Observe that we do not require commutativity or even associativity of the multiplication.
Moreover, in the case n = 4 an example of such a division algebra structure is given by
the quaternions (H) which are not commutative and for n = 8 there are the octonions
(O) which are not even associative. Clearly, for n = 1 the field structure of R is a division
algebra structure and for n = 2 the complex numbers work. In particular, this theorem
cannot be further refined.

This is all nice and well, but one question lingers around. These notes are based on a talk for
a seminar in topology, so where does this come in?
The link to topology is easy to come across : any division algebra structure µ on Rn induces an
H-space structure (continuous multiplication with two-sided identity element potentially up to
homotopy) on the unit sphere Sn−1 by defining

µ′ : Sn−1 × Sn−1 → Sn−1, µ′(x, y) = µ(x, y)
|µ(x, y)| .

The non-existence of zero divisors for µ ensures this is well-defined and unitality of µ (see remark
1.3) ensures µ′ is really an H-space multiplication rather than just some continuous map. Thus,
if we can show that Sn−1 admits an H-space structure only for n = 1, 2, 4, 8, we have also shown
theorem 1.1. We will from now on be concerned with the question: for which n does Sn−1 admit
an H-space structure?
This was (to my knowledge) first completely answered by Adams in [1] using advanced methods
from cohomology theory. Adams himself states that the results he uses are not very deep but
buried in technicalities. In these notes, we will be focusing on an alternate, less technical proof
published by Adams and Atiyah in [2] using K-theory. In one sentence, we will use relations
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appearing in this extraordinary cohomology theory to impose restrictions on the possible values
of n.

The plan for the coming pages is as follows:
First, there will be a brief section about vector bundles, which play a similar role in K-theory
as simplicial cochains do in singular cohomology. In fact, K-theory will be all about putting a
ring structure on certain sets of vector bundles. Then, we will define K-theory and state a few
useful facts without proofs. Having done this, we are in possession of all the necessary tools
to reformulate the question of finding H-space structures in a more convenient way, using the
notion of Hopf invariant. At last, we introduce the Adams operations (the relations we will
need to pin down the values of n), prove the reformulated version of theorem 1.1 and sketch the
construction of the Adams operations.
In what follows, and already in the previous, we mainly follow [5] in particular section 2.3, but
some inspiration also comes from [3].

2 Vector Bundles
In this section, we discuss the main objects we need for constructing K-theory: vector bundles.

2.1 First Definitions ([3, Section 1.1] and [5, Section 1.1])

Definition 2.1. A (complex) vector bundle over a space X is a continuous map p : E →
X together with a finite dimensional (complex) vector space structure on each fibre p−1(x).
Moreover, we require that for every x ∈ X there exists an open neighbourhood Ux, some positive
integer nx and a homeomorphism hx : p−1(Ux) → Ux × Cnx which is a linear isomorphism on
each fibre. These are called local trivialisations.

Remark 2.2. • We often simply write E to denote a vector bundle p : E → X. We call X
the base space and E the total space.

• The local triviality condition forces nx, i.e. the dimension of the fibre, to be constant on
every connected component of X.

• A vector bundle with fiber dimension 1 is called line bundle and often denoted L.

Definition 2.3. Two vector bundles p1 : E1 → X and p2 : E2 → X are said isomorphic if there
exists a homeomorphism η : E1 → E2 that restricts to a linear isomorphism on each fiber and
such that p2 ◦ η = p1. This is denoted by E1 ∼= E2.

From now on, for simplicity, all base spaces X will be assumed to be compact CW-complexes.
For our purposes, this restriction causes no problems as eventually we will be interested in
spheres. The interested reader can find certain statements in more generality in [5]. Moreover,
unless explicitly stated otherwise, all vector spaces will be assumed to be over C.
Let us look at some examples of vector bundles that will be needed over and over again.

Example 2.4. 1. Trivial n-bundle: (denoted ϵn or sometimes even n)

pX : Cn ×X → X

where pX denotes projection onto X. It is obvious that this is a vector bundle.

2. Canonical or tautological line bundle:
View complex projective n-space as the equivalence classes of lines in Cn+1, denote its
elements by l or in homogeneous coordinates by [a0 : · · · : an]. Consider the subset

E := {(l, v) | v ∈ l} ⊂ CPn × Cn+1
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i.e. E is the set of all points in complex projective space which we identify with lines and
v are the vectors that are on these lines. Define the canonical line bundle

p : E → CPn, (l, v) 7→ l.

To check that this is indeed a line bundle, we have to specify the local trivialisations. As
is common when working with projective space, choose as open cover the standard affine
opens Dk = {[a0 : · · · : an] | ak ̸= 0}. Without loss of generality, we can represent any
element of Dk in homogeneous coordinates with ak = 1 i.e. on Dk we set [a0 : · · · : an] =
[ a0
ak

: · · · : 1 : · · · : an
ak

] := a. Then, on Dk, a 7→ ai
ak

is well-defined and we can define the
homeomorphisms by

hk : p−1(Dk) → Dk × C, (l, v) 7→ (l, vk)

where vk is the kth coordinate of v (enumerating the coordinates starting at 0). An explicit
inverse is given by

f : Dk × C → p−1(Dk), f(a, t) = (a, (ta0
ak
, . . . , t, . . . , t

an

ak
)).

The key observation to see that this is really an inverse is to observe that since v ∈ l, v
must be equal to (ta0, . . . , t, . . . , tan) where the ai are the homogeneous coordinates of l
such that ak = 1 and t is some complex number.
In what follows, we will often use H to denote the canonical line bundle on CP 1 ∼= S2.

3. In order to provide some more geometric intuition, let us for the purpose of this example
consider real line bundles on the circle. It is easy to see that the trivial real line bundle
over the circle coincides with the tangent bundle. A non-trivial example of a real line
bundle over S1 is given by the Möbius strip. The reader is invited to check this and to
also check the fact that the Möbius strip corresponds to the canonical line bundle when
identifying S1 with RP 1. On the other hand, there are no non-trivial complex vector
bundles over S1. For a proof (that requires some machinery that hasn’t been introduced
yet) see for example [7]. This fact will play a key role in what follows (see for example
3.11). The reader is encouraged to look for other places where working with complex
numbers is key.

2.2 Operations on vector bundles ([3, Section 1.2] and [5, p. 9-15])

One reason why vector bundles are nice is that many of the operations we can perform on
vector spaces carry over to vector bundles. This will later allow us to give a ring structure to
some equivalence class of vector bundles over X (some base space) and introduce a notion of
functoriality. All of this will be made precise in the following section on K-theory. For now, let
us introduce the main operations. Fix a (compact, CW-complex) base space X and consider
two vector bundles p1 : E1 → X, p2 : E2 → X over X. We define:

Definition 2.5. The direct sum E1 ⊕ E2 of the vector bundles E1 and E2 is given by

p : {(v, v′) | p1(v) = p2(v′)} ⊂ E1 × E2 → X, (v, v′) 7→ p1(v).

It is left to the reader to check that this is indeed a vector bundle. A hint for an elegant proof
is to realise the E1 ⊕ E2 is the restriction of the product bundle

E1 × E2 → X ×X, (v, v′) 7→ (p1(v), p2(v′))

to the diagonal of X and that it is straightforward to check that the product bundle and
restriction of vector bundles are vector bundles. The motivation for defining the direct sum in
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this way is the fact that the fiber of E1 ⊕ E2 is the direct sum of the fibres of E1 and E2 i.e.
p−1(x) = p−1

1 (x) ⊕ p−1
2 (x).

Next we define:

Definition 2.6. The tensor product E1 ⊗ E2 of the vector bundles E1 and E2 is defined as a
set by

E1 ⊗ E2 = ⊔x∈Xp
−1
1 (x) ⊗C p

−1
2 (x)

with the obvious projection map to X. We force this to be a vector bundle by defining the
topology on E1 ⊗E2 as follows: for any open set U such that both E1 and E2 are trivial on U
we choose, for i = 1, 2, trivialisations hi

U : p−1
i (U) → U × Cni and require the tensor product

h1
U ⊗ h2

U : p−1
1 (U1) ⊗ p−1

2 (U) → U × (Cn1 ⊗ Cn2)

to be a homeomorphism. We leave to the reader to check that this is well-defined.

In a similar way, we can define the exterior power of a vector bundle. Recall that for a vector
space V the ith exterior power λi(V ) is given by

λi(V ) = V ⊗ · · · ⊗ V/⟨v1 ⊗ · · · ⊗ vi − sgn(σ)vσ(1) ⊗ · · · ⊗ vσ(i)⟩

for all permutations σ.

Definition 2.7. The ith exterior power λi(E1) of E1 is defined as a set as λi(E1) = ⊔x∈Xλ
i(p−1

1 (x))
with the obvious projection map onto X. We make this into a vector bundle by defining a topol-
ogy in an analogous way to definition 2.6 (see [3, p. 6-8]).

The final construction encodes the functoriality of vector bundles with respect to maps on the
base space.

Definition 2.8. Consider a continuous map f : Y → X. We define the pullback bundle
π : f∗(E1) → Y where f∗(E1) = {(e, y) | p1(e) = f(y)} is the usual pull-back and π the
projection onto Y . The vector space structure on the fibres is inherited from p1 by observing
that π−1(y) ∼= p−1

1 (f(y)). One can check that the local trivialisations are given by the preimages
under f of the local trivialisations of p1 : E1 → X.

The pullback construction is functorial (or, to be pedantic, pseudo-functorial) as it only holds
up to isomorphism) i.e. for two maps f : Y → X, g : Z → Y (f ◦ g)∗ ∼= g∗f∗. It commutes with
direct sums, tensor products and exterior powers. Moreover, we have the usual properties and
distributivity relations between direct sums and tensor products, similarly for exterior powers.
Note also that ⊕ and ⊗ are commutative up to isomorphism, see [5, section 1.1] for more
details).

3 K-theory
We are now in the position to define K-theory and to state some useful facts we will use later.

3.1 K-theory Basics ([5, Section 2.1])

Definition 3.1 ([5, p. 39-40]). For a compact CW-complex X, we define K(X) to be the set of
formal differences E−E′ where E, E′ are vector bundles over X up to being stably isomorphic
(denoted ≃s). By this, we mean that two formal differences E1 −E′

1 and E2 −E′
2 are identified

if and only if there exists some positive integer n such that E1 ⊕E′
2 ⊕ ϵn ∼= E2 ⊕E′

1 ⊕ ϵn. Recall
that ϵn denotes the trivial n-bundle.
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We will abuse notation and also use ≃s to denote vector bundles that are stably isomorphic.
More precisely, given two vector bundles E, E′ over X, we write E ≃s E

′ if there exists some
trivial bundle ϵn such that E ⊕ ϵn ∼= E′ ⊕ ϵn. The equivalence class of the formal difference
E−E′ is denoted by [E−E′]. However, if it is clear from the context, we will drop the brackets
and simply write E − E′ also for the equivalence class for simplicity.

Remark 3.2. The relation ≃s is really an equivalence relation. Reflexivity and symmetry are
straightforward. To check transitivity of ≃s, one needs the following cancellation property:

E1 ⊕ E2 ≃s E1 ⊕ E3 implies E2 ≃s E3.

For this to hold, compactness of X is crucial as for any vector bundle E over X we need to be
able to find some vector bundle E′ such that E ⊕E′ ∼= ϵn for some positive integer n. One can
show that this is always possible for compact, Hausdorff base spaces (see [5, Prop. 1.4]), but
fails without compactness; there are counterexamples over RP∞ (see [5, Example 3.6]).
Knowing this, the cancellation property follows easily by adding a bundle E′

1 such that E′
1 ⊕E1

is trivial to both sides. Let us now prove transitivity: suppose E1 − E′
1 ≃s E2 − E′

2 and
E2 − E′

2 ≃s E3 − E′
3 i.e. there exist m,n ∈ N such that E1 ⊕ E′

2 ⊕ ϵn ∼= E′
1 ⊕ E2 ⊕ ϵn and

E2 ⊕ E′
3 ⊕ ϵm ∼= E′

2 ⊕ E3 ⊕ ϵm. Adding the two equations together we find that

E1 ⊕ E′
2 ⊕ ϵn ⊕ E2 ⊕ E′

3 ⊕ ϵm ∼= E′
1 ⊕ E2 ⊕ ϵn ⊕ E′

2 ⊕ E3 ⊕ ϵm.

Observe that E2 ⊕E′
2 appears on both sides and can be cancelled. Using that ϵn ⊕ ϵm ∼= ϵm+n,

the equation rewrites as E1 ⊕E′
3 ⊕ ϵm+n ∼= E′

1 ⊕E3 ⊕ ϵm+n or E1 −E′
1 ≃s E3 −E′

3 as desired.

The set K(X) is interesting because of the following proposition.

Proposition 3.3 ([5, p. 39-41]). One can define operations + and · on K(X) that make K(X)
into a commutative ring with identity. Moreover, the pullback of vector bundles makes K(−)
into a functor from the category of compact CW-complexes to rings.

Proof. (sketch) We only give the definitions of the operations here. The reader is left to check
this has the desired properties and is compatible with the equivalence relation. We define:

+: [E1 − E′
1] + [E2 − E′

2] := [E1 ⊕ E2 − E′
1 ⊕ E′

2].

0: The neutral element is given by the equivalence class [E − E] for any vector bundle E
over X.

-: The inverse of [E1 − E′
1] is, not surprisingly, [E′

1 − E1].

· : [E1 − E′
1] · [E2 − E′

2] := [E1 ⊗ E2 − E1 ⊗ E′
2] + [E′

1 ⊗ E′
2 − E′

1 ⊗ E2]

1: The identity is the trivial line bundle ϵ1 (i.e. the equivalence class [ϵ1 − ϵ0]).

It remains to define K(f) for f : Y → X some continuous map. We make the natural definition
K(f) := f∗ : K(X) → K(Y ), [E − E′] 7→ [f∗(E) − f∗(E′)].

There is also a reduced version of K dependent on the choice of some base point x0 ∈ X,
constructed as follows.

Definition 3.4 ([5, p. 39-40]). Let i : {x0} → X be the inclusion of the chosen base point. We
define K̃(X) := ker(K(X) → K(x0)).
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Remark 3.5. 1. The reduced K-group consists of those equivalence classes of formal differ-
ences of vector bundles that are of the same dimension when restricted to x0 and thus of
the same dimension on the entire connected component containing x0. Indeed,
ker(K(X) → K(x0)) = {E − E′ | E|x0 ≃s E

′|x0} =
{E − E′ | dim(E) = dim(E′) on the connected component containing x0}.

where the first equality follows directly from the definitions. The second one holds because
all vector bundles over a point are trivial by definition, which implies that, over a point,
being stably isomorphic is equivalent to being isomorphic which is equivalent to being of
the same dimension.

2. As kernel of a ring morphism, K̃(X) is an ideal of K(X). As such, it inherits a multi-
plicative ring structure, but without identity.

3. One can explicitly describe K(x0). Since the only vector bundles over a point are trivial
bundles, K(x0) = {ϵn − ϵm |m,n ∈ N}/ ≃s. Moreover, K(x0) ∼= Z via ϵn − ϵm 7→ n − m
which passes to the quotient. One easily checks that the induced map on the quotient is
a ring isomorphism using that ϵn ⊕ ϵm ∼= ϵn+m and ϵn ⊗ ϵm ∼= ϵmn. As Z is free, there is
a splitting K(X) ∼= K̃(X) ⊕ Z.

There is an alternative definition of K̃(X).
Definition 3.6 ([5, Prop. 2.1]). Define the equivalence relation ∼ by setting, for two vector
bundles E, E′, E ∼ E′ if and only if there exist n,m ∈ N such that E ⊕ ϵn ∼= E′ ⊕ ϵm. Then,
define K̃(X) := {E vector bundles over X}/ ∼.
One can check that ⊕ is well-defined on the equivalence classes and defines a group structure
on {E vector bundles over X}/ ∼.
Proposition 3.7. The definitions 3.4 and 3.6 are equivalent in the sense that both groups are
isomorphic.
Proof. First, it is important to notice that, in view of remark 3.2, any element of K(X) can be
written uniquely in the form Ẽ − ϵn for some positive integer n. Indeed, consider an arbitrary
formal difference E − E′. Adding a bundle E′′ such that E′ ⊕ E′′ is trivial to both sides sets
the difference into the desired form (as E − E′ ≃s E ⊕ E′′ − E′ ⊕ E′′). In particular, we can
identify K(X) with the set of formal differences {E − ϵn | E vector bundle on X,n ∈ N}. By
definition (remark 3.5 1.),

ker(K(X) → K(x0)) = {E − ϵn | E|x0
∼= ϵn}

i.e. the kernel consists precisely of those formal differences E−ϵn such that E is an n-dimensional
bundle on the connected component containing x0. Let Ex0 denote the fibre of x0. One can
now describe the isomorphism between the two definitions. Define

φ : K(X) → {E vector bundles over X}/ ∼, E − ϵn 7→ [E].
The reader is left to check that this is well-defined and a group homomorphism. We claim
that φ|ker(K(X)→K(x0)) is an isomorphism. It is surjective because given an arbitrary [E] ∈
{E vector bundles over X}/ ∼, the formal difference E − ϵdim(Ex0 ) maps to [E]. The kernel of
φ is given by {[ϵm − ϵn] | n,m ∈ N}. However, observe that for dimension reasons

{[ϵm − ϵn] | n,m ∈ N} ∩ ker(K(X) → K(x0)) = [ϵn − ϵn]
which is precisely the neutral element. Hence, φ|ker(K(X)→K(x0)) is also injective and both
definitions are equivalent.

We define multiplication on {E vector bundles over X}/ ∼ via φ. In view of the previous
proposition, we will use both definitions interchangeably as we please, and as best suited to the
situation.

7



3.2 Facts about K-theory ([5, Section 2.1, 2.2])

Having defined the main objects, let us discuss a few facts about K-theory that will come in
handy when trying to understand H-space structures on spheres. These facts will be given
without proof as this would go out of the scope of one talk in a seminar.

1. K-theory is a cohomology theory. In particular, it is homotopy invariant and:

Proposition 3.8. [5, Prop. 2.9] If A ⊂ X is a closed subspace, the inclusion and quotient maps
A X X/Ai q induce an exact sequence K̃(X/A) K̃(X) K̃(A).q∗

i∗

One can extend this sequence to the left using suspensions i.e. the sequence

· · · K̃(ΣX) K̃(ΣA) K̃(X/A) K̃(X) K̃(A)q∗
i∗δΣi∗

(1)

remains exact. The connecting map δ is constructed as follows. Consider the diagram

A X X ∪ CA (X ∪ CA) ∪ CX (X ∪ CA ∪ CX) ∪ C(X ∪ CA)

X/A SA SX

i3 i4i2i1

q1 q2 q3
q′

1 q′
2

where all horizontal maps are inclusions, the vertical maps are the maps collapsing the newly
attached cone and the diagonal maps collapse the other space (left). Observe that, at each step,
we attach the cone of the subspace two steps back in the sequence. It is left to the reader to
convince himself that the vertical and diagonal maps really are those collapsing maps, but let
us give some intuition for the first one. Recall that X ∪CA := X ⊔CA/⟨(0, a) ∼ i(a)⟩. Hence,
when collapsing CA to a point, we in particular collapse {0} ×A ⊂ CA which is identified with
the subspace A of X. We are left with the quotient X/A. If the vertical maps would induce
isomorphisms on the reduced K-groups, we would be done because then the following diagram
(2) is commutative and we already know that K̃(X/A) K̃(X) K̃(A)

q∗
1 i∗

1 as well as

K̃(SA) K̃(X ∪ CA) K̃(X)
q′∗

1 i∗
2 are exact.

K̃(SA) K̃(X/A) K̃(X) K̃(A)

· · · K̃((X ∪ CA) ∪ CX) K̃(X ∪ CA)

∼=

i∗
3

∼=

q∗
1 i∗

1

i∗
2q′∗

1 (2)

Then, since the vertical maps are isomorphisms, we conclude that the above horizontal sequence
is exact as well (as is the induced inclusion sequence).
It remains to see that the vertical maps do induce isomorphisms on the reduced K-groups. This
is [5, Lemma 2.10], which states:

Proposition 3.9. If B ⊂ X is a closed contractible subspace, then the quotient map q : X →
X/B induces an isomorphism on the isomorphism classes of n-dimensionsal vector bundles. In
particular, it induces an isomorphism on the reduced K-groups.

Recall that the cone of a space is always contractible. Furthermore, observe that this proposition
states that K̃(SX) ∼= K̃(ΣX) i.e. one may switch between reduced and unreduced suspension
as we please.
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2. We would like to calculate the values of the K-groups on certain spaces. In remark 3.5 3., it
was shown that K(⋆) ∼= Z, but this is all we know for now. Let us understand K(S2). Recall
the canonical line bundle H over S2 from example 2.4. We will get:

Proposition 3.10 ([5, Cor. 2.3]). K(S2) ∼= Z[H]/((H − 1)2) and K̃(S2) = ⟨H − 1⟩. Hence, as
a group, K̃(S2) ∼= Z, but its multiplication is completely trivial since (H − 1)2 = 0.

Proof, sketch. The following is not a rigorous proof, rather some intuition why this could be
true. One can show that the canonical line bundle over S2 satisfies (H ⊗H) ⊕ ϵ1 ∼= H ⊕H ([5,
Example 1.13]). Algebraically, this relation rewrites as (H − 1)2 = 0 and one gets an injection
Z[H]/((H − 1)2) → K(S2). It turns out that this is an isomorphism (see [5, Section 2.1]).
To calculate K̃(S2) we have to understand, for some fixed base point x0 of S2, the kernel of
i∗ : K(S2) ∼= Z[H]/((H − 1)2) → Z ∼= K(x0). Since H is a line bundle, i∗(H) = 1 and thus
ker(i∗) = ⟨H − 1⟩.

The fact that multiplication in K̃(S2) is completely trivial will be very important in many of
the future arguments. Observe that this behaviour is very similar to singular cohomology.

3. For two compact CW-complexes X,Y , one can define an external product

µ : K(X) ⊗K(Y ) → K(X × Y ), a⊗ b 7→ p∗
1(a)p∗

2(b) := a ⋆ b.

Here p1 : X×Y → X is projection onto the first coordinate and p2 is projection onto the second.
Similarly, one defines a reduced version

µ̃ : K̃(X) ⊗ K̃(Y ) → K̃(X ∧ Y ).

One can show that µ is an isomorphism if and only if µ̃ is. It turns out that this map is very
nicely behaved when Y = S2 in the following sense:

Theorem 3.11 ([5, Thm. 2.2, 2.11], Bott periodicity). For any compact, Hausdorff space X,
the maps

µ : K(X) ⊗K(S2) → K(X × S2)

and
µ̃ : K̃(X) ⊗ K̃(S2) → K̃(X ∧ S2)

are isomorphisms. In particular, since K̃(S2) ∼= Z and X∧S2 ∼= Σ2X, µ̃ yields an isomorphism

K̃(X) ∼= K̃(Σ2X), a 7→ a ⋆ H − 1.

This last isomorphism is the usual statement of Bott periodicity. Observe that this theorem
turns the long exact sequence (1) into a six term circle. Hence, one can extend the sequence to
the right using periodicity.
Specialising to the case when X is some sphere, observing that Sn ∧ Sk ∼= Sn+k and recalling
from example 2.4 3) that K̃(S1) = 0 as there are no non-trivial complex vector bundles over
the circle, Bott periodicity gives:

Corollary 3.12. K̃(Sn) =
{

0 if n is odd
Z else.

Furthermore, from the explicit description of the Bott periodicity isomorphism, it is clear that
K̃(S2k) = ⟨(H − 1) ⋆ · · · ⋆ (H − 1)⟩, the k-fold product of the generator of K̃(S2).

Moreover, the isomorphisms generalise as follows:
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Corollary 3.13 ([5, Cor. 2.12]). For any k > 0, the maps K(X) ⊗K(S2k) → K(X ×S2k) and
K̃(X) ⊗ K̃(S2k) → K̃(X ∧ S2k) are isomorphisms.

Proof, sketch. This is simply iteration of the initial isomorphism. We can reason by induction,
the case k = 1 being Bott periodicity. Suppose we have shown the statement for some k, let us
show it also holds for k + 1. We have:

K̃(S2k+2 ∧X) = K̃(S2 ∧ S2k ∧X)
∼= K̃(S2) ⊗ K̃(S2k ∧X)
∼= K̃(S2) ⊗ K̃(S2k) ⊗ K̃(X)
∼= K̃(S2k+1) ⊗ K̃(X)

where the second to last isomorphism is the induction hypothesis and the last isomorphism is
Bott periodicity applied to the first two terms.
The unreduced statement follows since the two versions are equivalent.

In particular, one gets the following descriptions for the K-rings of spheres which will be needed
in the next section.

Corollary 3.14. For k > 0,

K(S2k) = K̃(S2k) ⊕ Z ∼= Z[α]/(α2)

where α = (H − 1) ⋆ · · · ⋆ (H − 1) the k-fold external product of H − 1 and

K(S2k × S2k) ∼= Z[α, β]/(α2, β2).

4 Back to H-space structures and introduction of the Hopf in-
variant

Having introduced this tool kit from K-theory, we are equipped with all the prerequisites needed
to understand when spheres have an H-space structure. Remember from the introduction that,
even though we have been a little distracted by K-theory, this is still our goal.

4.1 H-space Structure of Spheres

At this point, it is not too difficult to show that, when n is odd different from 1 i.e. n − 1 is
even, Sn−1 cannot admit an H-space structure. This is the content of:

Proposition 4.1 ([5, p. 60]). Let k > 0 be some integer. There cannot be an H-space structure
on S2k.

Proof. The proof goes by contradiction. Suppose there existed some H-space multiplication
µ : S2k × S2k → S2k. Let e denote the left and right unit for µ. Recall from corollary 3.14 that

K(S2k) ∼= Z[γ]/(γ2) and K(S2k × S2k) ∼= Z[α, β]/(α2, β2)

where α is associated to the first (left) sphere and β to the second one. Consider the induced map
µ∗ : Z[γ]/(γ2) → Z[α, β]/(α2, β2). The aim is to understand µ∗(γ) and to derive a contradiction
from this.
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Introduce the inclusions into the first, respectively second, coordinate

i1 : S2k → S2k × S2k, x 7→ (x, e) and i2 : S2k → S2k × S2k, y 7→ (e, y).

By construction, the compositions µ◦i1 and µ◦i2 are homotopic to the identity. In particular, it
holds that i∗1 ◦µ∗ = Id∗, similarly for i2. Moreover, i∗1(α) = γ and i∗1(β) = 0. To see this, observe
that p1 ◦ i1 = Id where p1 : S2k × S2k → S2k is the projection onto the first coordinate and
p1 ◦ i2 = cste. Considering the induced maps on K-theory and using that K-theory is homotopy
invariant yields the desired result. Thus, γ = i∗1 ◦ µ∗(γ) implies that µ∗(γ) = α+ nβ +mαβ for
n,m some integers i.e. the coefficient in front of α must be one. Repeating the same argument
with i2 yields n = 1 i.e. µ∗(γ) = α + β + mαβ. This yields a contradiction because since
γ2 = α2 = β2 = 0,

0 = µ∗(γ2) = (α+ β +mαβ)2 = 2αβ ̸= 0.

Remark 4.2. 1. This proposition can also be shown using tools from singular cohomology,
see for example [6, Exo 9, p. 143]. However, the calculations are arguably a bit more
involved. It was chosen here to present a proof using K-theory since it will be needed
anyways in section 5 and it is a nice way to assimilate the newly learned theory.

2. The condition on the sphere being even was used at the very beginning to ensure that the
K-rings are actually of this form, in particular non zero.

4.2 The Hopf invariant

Understanding even values of n, i.e. odd values of n− 1 turns out to be way more difficult. To
do so, we will use a new tool: the Hopf invariant, giving their name to these notes. Let us begin
by defining the Hopf invariant before explaining how this notion relates to H-space structures.
As we have already excluded odd values of n, let us now always assume n to be even and write
n := 2m. We will use both notations for n interchangeably in all that follows.

Let f : S2n−1 → Sn be some map. Consider Cf = Sn ⊔f D
2n the mapping cone of f and observe

that Cf/S
n ∼= S2n. One can now look at the corresponding long exact sequence (1) extended

to the right by Bott periodicity (Thm 3.11):

· · · K̃(ΣS2m) = 0 K̃(S4m) K̃(Cf ) K̃(S2m) K̃(ΣS4m) = 0i∗q∗

Let x be a generator of K̃(S4m) and y a generator of K̃(S2m). Let α = q∗(x) and β be some
choice of preimage under i∗ of y i.e.:

· · · K̃(ΣS2m) = 0 K̃(S4m) K̃(Cf ) K̃(S2m) K̃(ΣS4m) = 0

x α

β y

i∗q∗

(3)
Observe that β2 ∈ ker q∗ since q∗(β2) = y2 = 0 as multiplication in K̃(S2m) is trivial. By
exactness, ker q∗ = im i∗ = ⟨α⟩. Hence, there exists some integer h(f) such that β2 = h(f)α.
This number h(f) is the Hopf invariant of f . To summarise:

Definition 4.3 ([5, p.61]). Given f : S2n−1 → Sn, the Hopf invariant of f denoted h(f) is an
integer such that the equality β2 = h(f)α is satisfied, where β, α are as defined above (in (3)).
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Remark 4.4. 1. Why is the Hopf invariant well-defined i.e. independent of the choice of β?
Let β′ be another element mapping to y under q∗. Then, β and β′ differ by an element in
the kernel, i.e. a multiple of α. Write β′ = β + nα i.e. β′2 = β2 + 2nαβ. We claim that
αβ = 0 which will conclude the proof of well-definedness. As αβ ∈ ker q∗, there exists
some integer k such that αβ = kα. Multiplying with β on both sides: 0 = h(f)α2 = kαβ
and multiplying with k on both sides yields 0 = kαβ = k2α. This implies k = 0 by
injectivity of i∗ (0 = i∗(k2x) =⇒ k2x = 0 =⇒ k = 0 as x generates an infinite cyclic
group).

2. We could have defined the Hopf invariant for odd n similarly, but this time K̃(ΣSn) ̸= 0
and K̃(Sn) = 0, so any element in K̃(Cf ) is a valid choice for β. Moreover, q∗(β) = 0,
hence β = kα for some integer k and β2 = k2α2 as α2 = i∗(x2) = 0. Thus, the Hopf
invariant for odd n is always zero and therefore uninteresting.

3. Some readers might know the following definition of Hopf invariant in terms of singular
cohomology: the Hopf invariant of f denoted H(f) is the integer such that there is an
isomorphism H∗(Cf ,Z) ∼= Z[α, β]/(α2, αβ, β2 − H(f)α). One can show that these two
definitions are equivalent using Chern characters (see [6, Chapter 24.4 ]).

So why do we care about the Hopf invariant? How is this related to H-space structures on
spheres? The following proposition sheds light on these questions.

Proposition 4.5 ([5, Lemma 2.18]). For every H-space structure µ : Sn−1 × Sn−1 → Sn−1,
there exists an associated map fµ : S2n−1 → Sn which has Hopf invariant 1.

Proof, sketch. We will give the construction of the associated map fµ and explain what one
should check to show it has Hopf invariant one, but we will not prove this explicitly. The
remaining details can be found in the reference. The key observation to construct fµ is that

S4m−1 = ∂D4m = ∂(D2m ×D2m) = ∂D2m ×D2m ∪D2m × ∂D2m.

This is helpful because ∂D2m ∼= S2m−1 on which we have a map. It is also helpful to view
S2m = D2m

+ ∪D2m
− as the union of the northern and southern hemispheres. Define:

fµ : ∂D2m ×D2m ∪ D2m × ∂D2m D2m
+ ∪ D2m

−

(x, y) |y|µ(x, y
|y|)

(x′, y′) |x′|µ( x′

|x′| , y
′)

One can check that its restriction to Sn−1×Sn−1 is just the multiplication, that this is continuous
and always well-defined. To see that fµ is of Hopf invariant one, we have to check that β2 = α
for the associated α, β as in (3). To do this, we introduce the notation K(X,A) := K̃(X/A)
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and consider the following commutative diagram:

β ⊗ β β2 α

K̃(Cf ) ⊗ K̃(Cf ) K̃(Cf )

K(Cf , D
2m
+ ) ⊗K(Cf , D

2m
− ) K(Cf , S

2m) ∼= K̃(S4m)

β′ ⊗ β′ ? x

∼= q∗

where the horizontal maps are given by ring multiplication. The vertical map on the left is an
isomorphism because the disks are contractible. We want the composition of the three maps
to map β ⊗ β to α. Then, we could conclude by commutativity that β2 = α as needed. To
do this, all we need is for the lower horizontal map to map a generator to a generator (x) i.e.
to be an isomorphism as we already know that x maps to α under q∗. This is the part of the
proof that we leave to the reader. A hint is to express the lower horizontal map as composition
of other maps which we know to be isomorphisms either by Bott periodicity or by construction
of fµ and unitality of µ (in particular one might want to consider the characteristic map of the
4m-cell of Cf ).

Remark 4.6. The converse to this theorem also holds. Whenever there is an element of Hopf
invariant 1 in π2n−1(Sn), there is an associated H-space structure on Sn−1, see [4, Prop. 6.1.1].

5 Adams Operations and a Proof of the main Theorem
Recall that we still want to prove Theorem 1.1, i.e. that one cannot find a division algebra
structure on Rn unless n = 1, 2, 4, 8. To do this, we should try to understand for which n the
sphere Sn−1 has an H-space structure. In the previous section (proposition 4.1), we excluded
all odd values of n except 1 and, in view of proposition 4.5, realised that it is sufficient to
understand for which n there exists or rather there doesn’t exist an element of Hopf invariant
1 in π2n−1(Sn). In other words, we have reduced to showing the following theorem:

Theorem 5.1 ([5, Thm 2.19]). Unless n = 1, 2, 4, 8, there is no element of Hopf invariant 1 in
π2n−1(Sn).

We will show this theorem by defining certain operations, the Adams operations, that will
impose strong enough constraints on the possible values of n.

Theorem 5.2 ([5, Thm 2.20]). For every integer k ≥ 0, there exists a natural transformation

ψk : K(−) → K(−),

called the kth Adams operation, satisfying the following properties:

1. ψk
X : K(X) → K(X) is a ring homomorphism.

2. For a line bundle L, ψk(L) = Lk.

3. For any integers k, l ≥ 0, ψk ◦ ψl = ψkl = ψl ◦ ψk.

4. For any vector bundle E and any prime number p, ψp(E) ≡ Ep (mod p).
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Remark 5.3. By naturality, ψk restricts to a well-defined operation on the reduced K-groups
i.e. it maps kernel to kernel. Recalling the description of the reduced K-group as equivalence
classes of vector bundles as in definition 3.6, the notation ψk(E) is to be understood as the
restriction of ψk to the reduced K-group applied to the equivalence class of E, some vector
bundle (for example in properties 2 and 4 of the previous theorem).

Remark 5.4. A natural transformation between cohomology theories is called a cohomology
operation. Hence, the Adams operations are one example of cohomology operations. The Steen-
rod squares give another example, this time for singular cohomology with mod 2 coefficients.

We will postpone the proof of theorem 5.2 until subsection 5.2. Let us rather get a better
understanding of these operations by understanding how they act on spheres before finally
proving theorem 5.1.

Lemma 5.5 ([5, Prop. 2.21]). The map ψk : K̃(S2m) ∼= Z → K̃(S2m) ∼= Z is multiplication by
km.

Proof. First, consider the case m = 1. Since ψk is a ring homomorphism it is sufficient to
understand what it does to γ = H − 1 the generator of K̃(S2). One calculates:

ψk(γ) = ψk(H) − ψk(1) additivity
= Hk − 1 H and 1 are line bundles and property 2
= (γ + 1)k − 1
= kγ + 1 − 1 = kγ multiplication is trivial

as desired.
Then, one reasons by induction. Suppose the statement of the proposition to hold for some
m and show it still holds for m + 1. Recall from theorem 3.11 and the following corollaries
that K̃(S2m+2) = ⟨(H − 1) ⋆ · · · ⋆ (H − 1)︸ ︷︷ ︸

m

⋆(H − 1)⟩ and that (H − 1) ⋆ · · · ⋆ (H − 1)︸ ︷︷ ︸
m

:= δ is

a generator of K̃(S2m). In other words, the generator of K̃(S2m+2) on which it suffices to
calculate ψk is of the form δ ⋆ γ = p∗

1(δ)p∗
2(γ). One calculates:

ψk(δ ⋆ γ) = p∗
1ψ

k(δ)p∗
2ψ

k(γ) naturality
= p∗

1(kmδ)p∗
2(kγ) induction hypothesis

= km+1p∗
1(δ)p∗

2(γ) p∗
i is a ring homomorphism

= km+1δ ⋆ γ

as desired.

5.1 Proof of the Hopf Invariant One Theorem

The time has finally come to prove theorem 5.1.

Proof of Thm 5.1. Recall the definitions of β and α from (3). The proof strategy will be to
understand what conditions the commutativity relations of the Adams operations (property 3)
impose on β. Let us begin by calculating ψk(α) and ψk(β). The first is easy to calculate using
naturality and lemma 5.5:

ψk(α) = ψk(q∗(x)) = q∗(ψk(x)) = q∗(k2mx) = k2mα. (4)

Similarly:
i∗(ψk(β) = ψk(y) = kmy = i∗(kmβ).
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Hence, ψk(β) and kmβ differ by some multiple of α. We write

ψk(β) = kmβ + µkα. (5)

Let us now calculate the effect of the composition ψkψl(β) for two positive integers l and k.

ψlψk(β) = ψl(kmβ + µkα) by (5)
= kmψl(β) + µkψ

l(α) ring map
= kmlmβ + kmµlα+ µkl

2mα by (4) and (5)
= kmlmβ + (µlk

m + µkl
2m)α.

Analogously, one gets
ψkψl(β) = kmlmβ + (µkl

m + µlk
2m)α.

Since, by theorem 5.2 3, ψkψl = ψlψk, one concludes that µkl
m + µlk

2m = µlk
m + µkl

2m or
equivalently

µlk
m(km − 1) = µkl

m(lm − 1). (6)

We now specialise to k = 2 and l = 3. Observe that if h(f) = 1, µ2 must be odd by theorem
5.2 4. Indeed, 2mβ + µ2α = ψ2(β) ≡ β2 = h(f)α = α (mod 2) which implies µ2 ≡ 1 (mod 2).
Then (6) yields

µ32m(2m − 1) = µ23m(3m − 1).

In particular, 2m must divide the right hand side but we have just shown that it cannot divide
neither µ2 nor 3m. Hence, it must hold that 2m | 3m − 1. It is an easy fact from number theory
([5, Lemma 2.22]) that this can only happen if m = 1, 2, 4 i.e. n = 2, 4, 8.

So in the end, the existence of real division algebra structures on Rn boils down to the simple
question of when 2m divides 3m − 1. This seems nearly a bit disappointing. The actual math-
ematical richness, however, comes from our journey to here. The first enlightening observation
was to change the algebraic statement into a question about H-space structures on spheres (see
section 1) and later into a question of existence of elements of Hopf invariant one (section 4).
The main key was to find a well-adapted cohomology theory, namely K-theory, on which one
could construct operations (the Adams operations) whose relations are restrictive enough to
exclude all other values of n.
Maybe the reader was already aware of a similar proof, using Steenrod squares, to show that
the only values of n that admitted an element of Hopf invariant 1 were powers of 2. Indeed,
using the definition of Hopf invariant in terms of singular cohomology (see remark 4.4 3), one
can show that there is f ∈ π2n−1(Sn) of Hopf invariant 1 if and only if the nth Steenrod square
Sqn : Hn(Cf ,Z/2Z) → H2n(Cf ,Z/2Z) is non zero. The Adem relations prove that whenever n
is not a power of 2, Sqn factors through a zero cohomology group and thus is zero. However,
this method cannot say anything about the powers of 2. In his original proof in [1], Adams
forces new relations on the Steenrod squares, so called secondary cohomology operations, by
restricting the domain to some subset of elements vanishing for certain Steenrod squares and
making the target into a quotient of the cohomology group by certain Adem relations. He then,
except for the values 2, 4, 8, finds relations between the power two Steenrod squares up to some
equivalence class. In other words, he finds a way to write Sq2i = ΣakΦk (mod Σbiψi) where
the ak, bi are Steenrod squares and Φk, ψi some secondary cohomology operations and observes
that the expression on the right lands in a cohomology group that is zero (i.e. one has Sq2n = 0
(mod 0) which yields what we wanted). Adams’ idea is not really more complicated then the
proof that was presented here. However, to show that everything holds rigorously is tedious
work that was carefully done in his 80 pages paper [1].
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5.2 Construction of the Adams Operations

To finish off nicely, let us explain how to construct the Adams operations i.e. prove theorem
5.2. To get an idea of how to construct them, one should understand how ψk acts on a vector
bundle E which is some direct sum of line bundles L1 ⊕ · · · ⊕Ln. Additivity and the definition
on line bundles yield:

ψk(E) = Lk
1 + · · · + Lk

n.

An important observation to make here is that this is a symmetric polynomial of degree k in n
variables.
The second key observation involves exterior powers which we recall from definition 2.7. The
ith exterior power of a vector bundle E, λi(E) behaves very much like the exterior power of a
vector space. In particular:

Lemma 5.6 ([5, p. 62]). Let E, E1, E2 be any vector bundles. The exterior power operation
has the following properties:

1. λi(E1 ⊕ E2) ∼= ⊕i
k=0λ

k(E1) ⊗ λi−k(E2).

2. λ0(E) = ϵ1 the trivial line bundle, λ1(E) = E.

3. λi(E) = 0 whenever i is greater than the maximum dimension of the fibers of E.

The proof is left as an exercise to the reader/these properties are believed to be well-known at
this point of the studies. Let us go back to considering the vector bundle E which is a direct
sum of n line bundles. From lemma 5.6, it follows that

Lemma 5.7 ([5, p. 62-63]). If E = L1 ⊕ · · · ⊕ Ln, λi(E) = σi(L1, . . . , Ln) where σi is the ith
elementary symmetric polynomial, the sum of all i distinct products of the Lj.

Let us look at the following example to convince ourselves of this fact, (this is of course not a
proof, but illustrates how the proof would go).

Example 5.8. Let E = L1 ⊕ L2 ⊕ L3. Observe that as Li is a line bundle, by lemma 5.6 3
λ2(Li) = 0. Calculate that λ2(E) = L1 ⊗ L2 ⊕ L1 ⊗ L3 ⊕ L3 ⊗ L2 = σ2(L1, L2, L3):

λ2(L1 ⊕ L2 ⊕ L3)
= (λ0(L1) ⊗ λ2(L2 ⊕ L3)) ⊕ (λ1(L1) ⊗ λ1(L2 ⊕ L3)) ⊕ (λ2(L1) ⊗ λ0(L2 ⊕ L3)) lemma 5.6 1
= λ2(L2 ⊕ L3) ⊕ (L1 ⊗ λ1(L2 ⊕ L3)) lemma 5.6 2, 3
= (λ1(L2) ⊗ λ1(L3)) ⊕ (L1 ⊗ (λ1(L2) ⊗ λ0(L3) ⊕ λ0(L2) ⊗ λ1(L3))) 5.6 1 (and 2,3) again
= (L2 ⊗ L3) ⊕ (L1 ⊗ L2) ⊕ (L1 ⊗ L3).

This property is extremely nice because of the following well-known theorem:

Theorem 5.9 (Fundamental Theorem of Symmetric Polynomials). For any degree k symmetric
polynomial p(t1, . . . , tn), there exists a unique polynomial (not depending on n) sk(x1, · · · , xk)
such that s(σ1(t1, . . . , tn), . . . , σk(t1, . . . , tn)) = p(t1, . . . , tn).

Denote by sk the polynomial associated to p(L1, . . . , Ln) = Lk
1 + · · · + Lk

n. Then, observe that,
for the vector bundle E from above, setting ψk(E) = sk(λ1(E), . . . , λk(E)) has exactly the
properties required in theorem 5.2. This motivates:

Theorem 5.10 ([5, p. 62-63]). For a vector bundle E, defining ψk(E) = sk(λ1(E), . . . , λk(E)),
with sk being the polynomial associated to tk1 + · · ·+tkn by the fundamental theorem on symmetric
polynomials and extending this construction to K(X) by setting ψk(E −E′) = ψk(E) − ψk(E′)
fulfills the requirements of theorem 5.2.
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To prove this theorem, the following black box will be needed. This makes the link between
general vector bundles and line bundles.

Lemma 5.11 (Splitting Principle). For any vector bundle π : E → X, there exists a compact,
Hausdorff space F (E) and a continuous map p′ : F (E) → X such that the induced map p′∗ :
K(X) → K(F (E)) is injective and p∗(E) is a sum of line bundles.

For a proof, see the section in [5] entitled "the splitting principle".

Proof of Thm 5.10, sketch. Naturality of the construction is straightforward from naturality of
exterior powers (i.e. the fact that exterior powers and pullbacks commute) and the fact that
ring homomorphisms commute with polynomials.
Let us now prove additivity. The strategy is to use the splitting principle to reduce to the line
bundle case where it is easy to check. All the other required properties follow by extremely
similar arguments and their proofs will hence be omitted here.
Let E1, E2 be two vector bundles over X. Let p1 be the map given by the splitting principle
for E1, such that p∗

1(E1) = L1 ⊕ · · · ⊕ Ln1 for certain line bundles Li. Similarly, let p2 be the
map given by the splitting principle for E2, such that p∗

2(E2) = L′
1 ⊕ · · · ⊕ L′

n2 for certain line
bundles L′

i. Then:

(p1 ⊕ p2)∗(ψk(E1 ⊕ E2))
= ψk((p1 ⊕ p2)∗(E1 ⊕ E2)) by naturality
= ψk(L1 ⊕ · · · ⊕ Ln1 ⊕ L′

1 ⊕ · · · ⊕ L′
n2) by definition of pi

= Lk
1 + · · · + Lk

n1 + L′k
1 + · · · + L′k

n2 by construction
= ψk(L1 ⊕ · · · ⊕ Ln1) ⊕ ψk(L′

1 ⊕ · · · ⊕ L′
n2) by construction

= (p1 ⊕ p2)∗(ψk(E1) ⊕ ψk(E2)) definition of pi and naturality.

One then concludes by injectivity of (p1 ⊕ p2)∗ that ψk(E1) ⊕ ψk(E2) = ψk(E1) ⊕ E2) as
wanted.

Remark 5.12. From the construction, it is clear that asking for the Adams operations to be a
ring homomorphism and the action on line bundles determine the Adams operations completely.
The other properties follow.
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